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ABSTRACT

This report discusses the design of quantizers which minimize

the mean square error for a signal with a given probability

density function. Tables of optimal non-uniform quantizers are
given for signals with Gaussian, Laplace (exponential) and gamma
distributions. These figures correct values given previously in the
literature. An appendix documents a program for calculating an
optimal quantizer for an empirically derived tabulated probability

density.



MINIMUM MEAN SQUARE ERROR QUANTIZERS

Digital transmission of signals plays an important role in
telecommunicafions. The process of converting an analogue signal into a
digital form is inherent in many of these systems. The discretization of
the analogue information proceeds in two steps. The signal is sampled
and then the continuum of sample values is represented by a finite set of
levels. The sampling process is theoretically information lossless if
the input signal is bandlimited and if it is sampled at a rate which

exceeds twice its bandwidth.

The second operation, quantization of the sample values, introduces
inevitable errors in the reproduced signal. This report is concerned

with the design of quantizers which minimize the effects of these errors.

Quantization is the process of subdividing the range of a signal into
non—-overlapping regions. An output level is then assigned to each
region. Since this output level is used to represent all of the values
in the region, it is usually itself within that region (see Fig. 1). The

quantizer as defined here is a memoryless device.

Consider a N level quantizer, with output levels yl, YoreeesYye

Let the input regions be

Ro=dx; ;< x<x}, 1=1,2,000,N



X, Ka

W

Ya X

Fig. 1. Quantizer Characteristics



For convenience the X; are in increasing order, and x,= -«
and xy = ® . The difference between the input signal and its

quantized version is the quantization error,

e =x - Yy for k such that xe Rk

The quantization noise is often categorized into two parts. The overload
component occurs when the input signal greatly exceeds the range of the

quantizer output levels, i.e.

X < Yl, or x > N

The granular noise is that due to representing the continuum of input
values by a finite number of output levels. The overload is reduced by
choosing a larger rénge for the quantizer. The granular noise is reduced
by choosing more closely spaced quantization levels. Thus for a fixed
number of levels N, the combined effect of overload and granular noise is
minimized by some compromise between them. Stated another way, the range

of the quantizer must be matched to the signal to be quantized.



Necessary Conditions for Error Minimization

Assume the error criterion is the average value of g(e) where g(.) is

some differentiable function. Then we wish to minimize

E[g(e)] =

g(x-y;) p(x) dx (1)
i

il
=

%51

Only the probability density function of x enters into the formulation

since the quantizer was assumed to be memoryless.

Differentiating (1) with respect to %, and yy gives the following

B5yy) Bl = 80q V) By = 0 (2)

k=1,2,...,N-1

*x

J g'(x—yk) p(x) dx 0; k=1, 2,...,N. (3)

-1

Equation (2) can be simplified if

P(xk) #0

- g(a) = g(-a) and

g(al) > g(ao) for 0 < ag < a;



Thus we are assuming g(.) is an even, montotonically increasing function

of its argument. Then (2) becomes

or

2 (%)

since yi and yy4] should be distinct. This last equation states
that the input region boundaries should be chosen midway between output
levels.. In order to simplify the other necessary condition for minimum

error, the error function g(.) must be specified.



Minimum Mean Square Quantization Error

An often used criterion is the mean square error. In this case g(a)=a2.
A necessary condition for maximizing the signal-to—quantizing noise ratio
is (from (3)),

X

k
J (X‘Yk) p(x) dx =0, k=1, 2,...,N-1

-1 (5)

This condition indicates that yy should be the centroid of the area
of p(x) for yp_1] < x < x¢. In general the two e cessary
condit- ons (4) and (5) must be solved iteratively to get a quantizer

which minimizes the mean square error.

The question of the uniqueness of the quantizer which satisfies (4) and
(5) has been addressed by Fleischer [3]. He gives a sufficient condition

for uniqueness of the stationary point described by (4) and (5),

d®. log (p(x)) < O.
£
dx

~ It is shown in Appendix A that the Gaussian density and the Lapacian
(double sided exponential) density functions satisfy this criterion and

hence have unique stationary points which yield a minimum mean square

€rror.



Iterative Solution

An iterative procedure to find a minimum mean square error quantizer

might proceed as follows

i) Set k=0. Choose a value for ¥
The value of x, is known, xy=— ©.

ii) Solve equation (5) for x.

iii) Find yp4) from (4).

iv) Repeat steps ii) and iii) for k=1, ..., N-1.

If yy is not the centroid of the area of p(x) from xy_j; to <« ,
the initial point y1 has to be altered. The whole procedure is then
repeated for a new initial point Y1+ The procedure is terminated

when the ¥ have been determined to sufficient accuracy.

Numerical results have been obtained for several specific probability

density functions. The first is the unit variance Gaussian density,

2
_ 1 -x“/2
PO) = = e

The other two belong to the fémily of double sided gamma densities,

p(x) = >\(>-IX|)a—l e—>‘IXI

2T (a)




where T (a) is the gamma function. The variance of this density function

is (see Appendix A),

For a=1, p(x) is the exponential or Laplace density; for a=% p(x) is the
so called gamma density. Both of these densities have been used to

approximate the measured probability density function of speech [2].

Appendix B shows how by suitable transformation all the integrals
required for the iterative procedure may be obtained from the integral of

the gamma density.

The resulting minimum mean square error quantizers are shown in Tables I,
II, and III for the number of levels running from N=1 to N=64. Only the
positive output levels yi are tabulated, the others are obtained by
symmetry. The quantizer break points be midway between the quantizer
output levels (see (4)). The results for the Gaussian density agree with
those given in [l]. The results for the other two densities differ

somewhat from the results given in [2]. This seems primarily to be due

to the approximations in the procedure used in [2].



A listing of the computer program used is given in Appendix C. Another
program which uses a tabulated probability density function is given in
Appendix D. For a sufficiently densely sampled probability density

function, excellent agreement was obtained for the two programs.



ADDENDUM

The calculation of optimal quantizers for Laplace densities has been
1
reported recently in the literature . In addition Noel and

Zelinski2 have brought attention to a simple recursion discovered by

Nitadori3 which can be used to get the optimal quantizer for Laplace

densities.

1W.C. Adams Jr., and C.E. Giesler, "Quantizing Characteristics

for Having Laplacian Amplitude Probability Density Function”, IEEE
Trans. Commun., Vol. COM-26, pp. 1295-1297, Aug. 1978.

P. Noel and R. Zelinski, "Comments on 'Quantizing Characteristics

for Signals Having Laplacian Amplitude Probability Density Function'",
IEEE Trans. Commun., Vol. COM-27, pp. 1259-1260.

3K. Nitadori, "Statistical Analysis of DPCM", Electron. Commun.
in Japan, Vol. 48, pp. 17-26, Feb. 1965.
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TABLE I - Optimal Quantizers for a Gaussian Density
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TABLE II - Optimal Quantizers for a Laplace Density
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TABLE III - Optimal Quantizers for a Gamma Density
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Appendix A
Uniqueness of the Stationary Point

i) Gaussian density (unit variance)

Direct differentiation yields the following

: 2
px) = 1 &~ /2

2

& log (px)) = -1

ii) Double Sided Gamma density

p(x,a) = 1 1|21 o Ixl
2T (a)

_éi log (p(x,a)) = -2(a-1), x # 0.

d 2 2
X X

For a > 1, a unique stationary point exists. For a=1l, a limiting

argument shows that a unique stationary point exists.
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Appendix B

The iterative proceduire needs integrals of the form

J p(x)dx, and

J xzp(x)dx
If p(x,a,k) = X(Alx[)a_le_x|x| . the generalized ‘two-sided
2T (a)
gamma density,
b Ab
r
J p(x,a,\) dx = A~ p(x,a,1)dx
J
b Ab
N
pr(x,a,h)dx = a p(x,a+l,1)dx
A
b Ab
2
Jx p(x,a,\)dx = a(at+l) - J p{x,a + 2,1)dx (A-1)
2 .
-—00 ’y —c0

Since p(x,a,?) is a probability density function integrating to unity,

the variance of the density function is from (A-1)

@2 = a(afl)

AZ
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For the Gaussian density,

b
[ 2
b
X
V2T o
b
2
x
J /Im o

—XZ/ZG
e

2

—x2/202
e

—x2/202
e

dx =

dx

dx =

2
b)b
sgn(b)

|

—C0

28

20
p(x,%,1)dx

sgn(b)hi2

20
J p(x,1,1)dx

—co

sgn(b)l_)iz__2

20
J p(x,3/2,1)dx.

—00



Appendix C

Program Listing

This Appendix includes the listing for a routine to calculate the minimum

mean square error quantizer for signals with Gaussian, Lapace and Gamma

probability densities.
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Appendix D

Program Listing

This Appendix includes a listing for a routine to calculate the minimum
mean square error for a signal whose probability density function is

specified in tabulated form. Intermediate values for the probability

density function are determined by linear interpolation.
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