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Abstract

This thesis studies adaptive filters for the case in which the main input signal is not
synchronized with the reference signal. The asynchrony is modelled by a time-varying delay.
This delay has to be estimated and compensated. This is accomplished by designing and
investigating joint delay estimation and adaptive filtering algorithms. First, a joint maxi-
mum likelihood estimator is derived for input Gaussian signals. It is used to define a readily
implementable joint estimator, composed of an adaptive delay element and an adaptive fil-
ter. Next, two estimation criteria are investigated with that structure. The minimum mean
squared error criterion is used with a joint steepest-descent adaptive algorithm and with
a joint least-mean-square adaptive algorithm. The general convergence conditions of the
joint steepest-descent algorithm are derived. The joint LMS algorithm is analysed in terms
of joint convergence in the mean and in the mean square. Finally, a joint recursive least
squares adaptive algorithm is investigated in conjunction with the exponentially weighted
least squares criterion. Experimental results are obtained for these different adaptive algo-
rithms, in order to verify the analyses. The results show that the joint algorithms improve

the performance of the conventional adaptive filtering techniques.
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Sommaire

Cette thése examine d’une fagon détaillée le probléme de synchronisation entre le signal
principal et le signal de référence utilisés par un filtre numérique adaptatif. Le manque de
synchronisme est représenté par le modéle mathématique d’un délai temporel variable dans
le temps. Ce délai doit étre estimé et corrigé. Cette tiche est accomplie en concevant et
en étudiant différents algorithmes effectuant conjointement une estimation de délai et le fil-
trage adaptatif. Un estimateur conjoint, basé sur le critére de maximum de vraisemblance,
est dérivé en premier lieu en utilisant un signal d’entrée Gaussien. Cet estimateur est utilisé
comme base pour définir une forme d’estimateur conjoint facilement applicable, composée
d’un délai adaptatif et d’un filtre adaptatif. En second lieu, cette structure est alors étudiée
en utilisant deux critéres d’estimation. Le critére d’erreur quadratique moyenne est utilisé
avec un algorithme adaptatif conjoint & descente maximale et avec un algorithme adapta-
tif conjoint LMS. Les conditions générales de convergence sont dérivées pour I'algorithme
conjoint & descente maximale. L’algorithme conjoint LMS est analysé en termes de conver-
gence des moments du premier et second ordres. Finalement, un algorithme conjoint de
moindres carrés récursifs (RLS) & pondération exponentielle est utilisé avec le critére des
moindres carrés. Des résultats expérimentaux sont obtenus pour vérifier les dérivations ana-
lytiques. Les résultats montrent que les algorithmes conjoints améliorent les performances

des techniques conventionelles de filtrage adaptatif.
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gm(n) Kalman gain vector of order M in RLS algorithm
Tn estimate of MSE function

Ypm(n) error between Kalman filter and the value one in FTT algorithm
Gn 1/2N n

h(n) reference linear filter impulse response

h~1(n) inverse of reference linear filter impulse response
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H(ew) Fourier transform of h(n)

I identity matrix
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Ky(n) noise weight vector covariance matrix
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£ integer delay estimator in LS estimation (lag)

{(d,w) log-likelihood function

ly(d,w) main term in log-likelihood function

{p(d,w) bias term in log-likelihood function

LMS Least-Mean-Square

Lg,g(m)l] linear operator applying a delay d and a filter g(n) in cascade
Eé,g(n)[-] Type I linear operator

E{i’-’g(n)[-] Type II linear operator

LS Least Squares

A eigenvalue of autocorrelation matrix R

Amax maximum eigenvalue of R

A diagonal matrix with eigenvalues of R on diagonal
A vector made of eigenvalues of R
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M misadjustment

ML Maximum Likelihood

MMSE Minimum Mean Squared Error

MSE Mean Squared Error

w gain factor in adaptive filter algorithm

n1(n), na(n) discrete-time observation limits in ML estimation
n discrete-time index

No/2 white noise power spectral density (W/Hz)

Un delay-dependent term in MSE function

Ny derivative noise in LMS adaptive delay algorithm
ODE Ordinary Differential Equations method

Pn cross-correlation vector between adaptive filter input and

reference signal

p(dn) cross-correlation vector evaluated for a certain value dj,
Pr] probability operator

P(n) fluctuation matrix in analysis of RLS algorithm

Pgx projection of a vector x onto a subspace §

P%x orthogonal projection of a vector x onto a subspace §
ézz(*) autocorrelation function of signal z(t) or z(n),

dap(*) cross-correlation function between a signal a and a signal b
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- zVi -




®1(n)
S,(e?¥)
(Dmax

Pys
Px(k|d, w)
®p(n)

PYm(i)

Q

Q2(n, mld, w)

r(n)
#(n)
R,R,
RLS
pz(k)
Ref]
s(n)
s(n)
s(n|d,w)

Tdel

(Tmse)j
Typel

Type 11
654(n)

On

o (n)

perturbation matrix in analysis of RLS algorithm

power spectral density of stochastic process z(n)

maximum of input power spectral density

power spectral density of white input s(n)

covariance matrix of some vector of the form x(n|d, w)
deterministic autocorrelation matrix of adaptive branch input u(n)
backward a priori prediction error of order m

unitary matrix with orthonormal eigenvectors of R as columns
matrix impulse response of the noncausal point linear

MMSE estimator of s(n|d,w) in ML estimation

reference signal

optimum adaptive branch output

M x M autocorrelation matrix of adaptive branch input u(n)
Recursive Least Squares

deterministic autocorrelation of an impulse response z(n)
real value operator

transmitted input signal

M-order input vector

model for the noiseless received vector, given

the parameters d and w

Steepest-Descent

Signal-to-Noise-Ratio

vector subspace spanned by the columns of A(n|i, M)
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Chapter 1 Introduction

1.1 Conventional Adaptive Filtering versus Delay Estimation

Adaptive digital signal processing has become an important part of many systems in-
volving unknown components or nonstationary subsystems. Adaptive digital filters, under
different forms, are commonly used in channel equalization [1], echo cancellation [2], noise
cancellation [3], system identification [4], spectral analysis [5] and in many other signal
processing tasks [6]. Much research related to adaptive filters is concerned with the con-
vergence, the tracking and the computational complexity of the adaptive algorithms [7]. It
is almost always assumed that the two main digital inputs to the algorithm, the adaptive
filter input signal and the reference signal, are synchronized in time, i.e. that they are the
sampled versions of two continuous signals, with the sampling clock being the same for
both.

But in some adaptive filtering applications, this assumption is not true. A sampling
rate difference makes the input and reference signals jointly nonstationary, and the two
sequences used in the adaptive filter experience a changing relative delay. The reference
system, if it is linear, can then be modelled as a reference linear filter in series with a time-
varying delay. This delay decorrelates the two signals as the time index increases. In some
other forms of adaptive system modelling, the unknown system has an impulse response
that can be explicitly modelled as a pure time delay in series with a linear filter. Exam-
ples of such systems occur in geophysical exploration [8], echo cancelling [9] or multipath
communications [1].

The ability of an adaptive filter, operating at or above the signals Nyquist rate, to
model a delay between the filter primary input and its reference, makes it a very versatile

signal processing tool and, in many cases, the designer does not need to consider any other
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delay compensation scheme. The adaptive filter essentially models the delay by shifting its
impulse response by the proper amount. The use of a simple adaptive filter, to identify the
reference system, implies that the combination of the delay and the filter will be modelled
by the adaptive system, without any explicit separation between the delay and the filter
estimates. In some cases this is sufficient, but it can also happen that the estimate of
interest is the delay value, as in delay estimation over an unknown channel, or that the
channel impulse response is wanted, as in channel identification with an unknown delay
(these different interpretations are indeed very similar and are most often related to the
perspective of the user).

Even if a separation between the delay estimate and the channel estimate is not required,
a simple adaptive filter might require a number of filter weights, of which many may have
no effect upon the final model (because they are used only to delay the input signal), but
increase both the computational complexity and the weight vector misadjustment, resiflting
in an increased mean squared error. For a given misadjustment, such a large number of
weights has usually the effect of reducing the convergence speed of the adaptive filter and
its tracking capability [10]. In the case of a time-varying reference delay, the sampling rate
evolution can even be rapid enough to prevent the tracking by a conventional adaptive filter
[11], [12]. For some applications, it is therefore imperative to have some appropriate means
to “center” the impulse response of the adaptive filter within a finite time window.

The separation of the estimation task, between a delay estimator and a linear filter esti-
mator, has been given very little attention in the adaptive filtering literature. The exception
is in the field of clock or timing recovery used in conjunction with adaptive equalizers, in
data communication systems [13]. In digital channel equalization, for example, the receiver
input signal (or a filtered version of it) is sampled and passed through an adaptive filter (the
equalizer). The reference signal is the demodulated data stream or a locally remodulated
version of it. Due to channel delay distortion or some other nonstationary channel effects,
the sampling phase has to be synchronized with the locally generated reference signal. Some
form of equalization strategies will compensate for this sampling error, as in fractionally
spaced equalizers (FSE), by adjusting their taps to model the corresponding delay [14].
But this scenario explicitly assumes that the sampling period has been recovered, and that
only the clock phase has to be tracked (this implicitly means that a form of carrier phase
recovery is performed independently from the equalizer).

There are other applications in which the difference in sampling rates, between the
adaptive filter input and its reference signal is implicit. A particular example of such an

application is the enhancement of speech in the presence of interfering music and noise [12].
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An adaptive noise canceller is used to model the channel through which the speech and the
interference are transmitted, and its output is subtracted from the composite signal, in order
to obtain the enhanced speech. But, due to different recording media, there is a difference
in sampling rates between the discrete composite signal and the interference signal. The
signal decorrelation caused by this difference renders the noise canceller useless after a few
seconds of operation, and methods to “realign” the canceller input and its reference signal
are essential.

The study of such methods is the subject of this thesis. Since time delay estimation is
an inherent part of the algorithms considered in the next chapters, conventional methods to.
perform such a task are reviewed in the next section. Section 1.3 addresses briefly the subject
of conventional adaptive filtering. The main thesis objectives are given in Section 1.4, where
the estimator structure that is favoured all along the work is introduced. Joint estimation

algorithms involving adaptive filters are discussed in Section 1.5.

1.2 Conventional Delay Estimation

The signal model, virtually always assumed in the delay estimation literature, is com-
posed of two received noisy signals, one being a delayed and scaled version of the other, with
additive noise processes uncorrelated with each other. As in most estimation problems, both
open-loop and closed-loop methods have been proposed for time delay estimation. Most
of these methods make use, either explicitly or implicitly, of the cross-correlation between
the received signals or a filtered version of them. In the generalized correlation method, as
discussed by Knapp and Carter [15], the two received signals are first filtered by different
filters, and one output is delayed with respect to the other. The resulting signals are cor-
related together, for different values of delays, until a maximum in the cross-correlation is
obtained. This configuration is used with different filter combinations, each one emphasiz-
ing a different characteristic of the signals. Assuming that all the signals are stationary and
Gaussian, Knapp and Carter derive the filters giving the maximum likelihood (ML) open-
loop delay estimator for a constant delay. These results are generalized, for time-varying
delays, by Stuller [16] and by Champagne et al. {17].

For time-varying delays, Meyr and Spies [18] propose the use of the ML estimator in a
closed-loop configuration. Using a small error signal assumption, the system is analyzed by
convertingit into a mathematically equivalent delay-locked loop, bearing a great resemblance
to the conventional phase-locked loop. The delay-locked loop is composed of a delay error

generator, an integrator and a loop filter. Messer {19] analyzes the same type of closed-loop
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configuration for different kinds of delay error generator, all based on the cross-correlationl
approach.

Closed-loop adaptive techniques using the minimum mean squared error (MMSE) or
the least squares (LS) criteria have been proposed by many authors. The basic configuration|
adopted by these researchers is the system identification one. In this structure, one signal
is processed by an adaptive system and the output is compared to the other signal, in order
to produce the error signal for adaptation. The conventional adaptive transversal filter
was proposed for the modelling of the delay and attenuation experienced by the reference
signal. This method relies on the fact that a pure time delay can be imposed on a band-
limited continuous lowpass signal by passing this signal through a lowpass filter with' a
frequency response constant in amplitude and linear in phase [20]. This frequency response
corresponds to a sinz/z impulse response and can be approximated by a digital finite
impulse filter (FIR) of appropriate length. The least-mean-square (LMS) algorithm has
been studied by Reed et al. {21} and Krolik et al. [22] for static delays and by Feintuch et
al. [23] as well as by Youn and Carter [24] for time-varying delays. Chan et al. [25], [26]
have considered the RLS algorithm. In these methods, the adaptive filter converges to the
Wiener solution and a subsequent interpolation algorithm determines the delay estimate as
the peak location of the adapted impulse response. This delay estimator is biased because
of the finite interpolation process between the adaptive filter coefficients [27]. Note that in
these methods, the adaptive filter converges to a solution that is a function of the input
signa.l autocorrelation.

In the above adaptive method, the adaptive filter identifies the channel impulse response
(the sinz/z function) and the delay estimate is obtained by measuring the displacement
of this response. Therefore, in order to estimate a scalar parameter, the whole weight
vector must be estimated and processed. Adaptive approaches, in which the delay value is
directly estimated, have also been proposed. These use the basic identification configuration
described above, with the exception that the conventional adaptive transversal filter is
replaced by an adaptive delay element. The delay is adapted directly, until the MMSE or
the LS solution is reached. The LMS delay adaptation algorithm has been studied by Etter
and Stearns [28], for integer delay values, and by Messer and Bar-Ness (29], for fractional
delay values.

Instead of the MMSE criterion, Smith and Friedlander {30] consider the weighted LS
criterion and the Gauss-Newton adaptation method for a fractional delay element. They
claim that the method is better suited than the LMS algorithm for time-varying delay
tracking.
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The delay estimations methods based on the use of a delay element are conceptually
simpler than those based on the adaptive transversal filter, but they show one major draw-
back; the algorithm is not guaranteed to converge to the delay corresponding to the global
minimum of the performance surface, since this surface is not in general unimodal with re-
spect to the adaptive delay value (it depends on the input signal autocorrelation function).
This implies that in the case of a cold start of the algorithm, an acquisition procedure is
necessary to bring the delay value in the vicinity of the global minimum and allow this

minimum to be tracked by the algorithm.

1.3 Conventional Adaptive Transversal Filtering

Traditionally, the subject of adaptive transversal filtering has been divided into two
subclasses, referring to the two most popular estimation criteria used in the adaptation
algorithm (7]. The gradient-based algorithms (steepest-descent and LMS), make use of
the MMSE criterion, while the recursive least squares (RLS) algorithm is based on the LS
criterion.

The steepest-descent algorithm is based on the conventional nonlinear programming
method bearing the same name {31]. In this method, the adaptive weight vector is updated
using a scaled version of the gradient of the mean squared error function, with respect to
the weight vector. The MSE function is defined as the expected value of the squared error
between the filter output and the reference signal. This function is quadratic with respect
to the weight vector, and its gradient is linear. The computation of the gradient requires
the input signal autocorrelation matrix, as well as the cross-correlation vector between this
input and the reference signal. In practice, these values have to be estimated if the SD is to
be applied. The LMS algorithm is an attempt to simplify the gradient estimation, in which
it is assumed that the MSE function is replaced by the squared error function. This gives
a gradient vector estimate that is equal to minus twice the input signal vector multiplied
by the error, which reduces considerably the algorithm’s complexity. The LMS adaptation
algorithm is therefore a stochastic gradient algorithm that is simple and reliable, and that
has been used in many adaptive signal applications. A major problem related to the SD
algorithm is its slow convergence properties, which are related to the magnitude of the
smallest eigenvalue of the input signal autocorrelation matrix, as well as to the eigenvalue
spread [6]. Methods to speed up the convergence have been proposed. In these methods, a
form of whitening of the input signal is performed or used, in order to lower the eigenvalue

spread.



The above gradient-based methods are implemented, most of the time, in the time do-
main, although various frequency-domain method have been proposed [32]. The advantage
of this structure is that, for filters with a large number of coefficients, the use of fast Fourier
transforms to convert the different signals in the frequency domain (where the adaptation
and the filtering are accomplished) reduces dramatically the computational complexity of
the algorithm.

The LS-based estimation has for goal the minimization of the (weighted) sum of squared
error over a window of increasing length. The weight is selected to be less or equal to one,
which practically limits the memory of the algorithm and allows the tracking of nonsta-
tionary systems and signals. The computation of the LS solution essentially involves the
inverse of the deterministic input signal autocorrelation matrix, which is obtained under a
form of time average. This inverse can be computed recursively in time, and gives rise to
the recursive LS (RLS) algorithm. Because this algorithm makes use of the matrix inverse
at each iteration, which is equivalent to an input whitening, its convergence rate is typi-
cally an order of magnitude larger than that of the LMS algorithm {7]. The RLS algorithm
is computationally involved and different forms of “fast” algorithms have been proposed.
The drawback of these efficient methods is their inherent computational instability on finite
word length processors.

As far as tracking possibilities are concerned, the RLS algorithm, although it converges

faster, does not seem to be superior to the LMS algorithm for filters of low order [33], [34].

1.4 Thesis Objectives

The main objective of the thesis is to obtain and analyze some adaptive structures
that would allow one to estimate separately the delay and the channel that link together
two observed signals. Since conventional adaptive filter theory is fairly well understood
and since its application gives good practical results, the new adaptive structures retain
as much as possible the forms of the well known adaptive systems. In particular, the
conventional estimation criteria, the minimum mean squared error criterion and the least
squares criterion, are the main concerns of this thesis. In addition, the steepest-descent,
least-mean-square and recursive least squares adaptation algorithms constitute the core of
the work, as in traditional adaptive filtering theory [7].

These joint time delay and adaptive filtering algorithms are composed of an adaptive
delay element [29] operating in conjunction with a conventional adaptive transversal filter.

The delay element is essentially a delay line (implementing the integer part of the delay)
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in series with an interpolation filter [35] (implementing the fractional part of the delay
by resampling the input signal). These new adaptive structures meet two fundamental
objectives: first, the structure of the investigated joint estimation algorithms, although
simple and seemingly ad hoc, follows a pattern that suggests itself in a rigorous derivation
of the maximum likelihood joint estimator (see Chapter 2); second, the joint MMSE or
LS estimators extend the capabilities of existing adaptive delay estimators or adaptive
transversal filters.

Hence, the analysis of joint algorithms, as presented in this thesis, has as an objective the
extension of the existing adaptive filtering and/or adaptive delay estimation theories. It is
desired to derive the critical system parameters that govern both the convergence conditions
and the steady-state performance of each of the joint algorithms. This theoretical objective
motivates much of the research. Practical considerations, under the form of simulations,

are also provided and discussed.

1.5 A Survey of Joint Algorithms Involving Adaptive Filters

Most of the work dealing with joint algorithms and involving a form of adaptive
transversal filter was performed in the field of digital communications, where the adap-
tive filter considered is a channel equalizer. Kobayashi [36] looks at the problem of derivin.g
simultaneous adaptive esttmation and decision algorithm for carrier modulated data trans-
mission systems. He seeks a joint estimator for the carrier phase, the bit timing and the
symbol recovery for different forms of modulated signals. He considers the joint maximum
likelihood estimator for which he defines a steepest-descent algorithm that searches the ML
performance function.

Chang [37] considers the joint optimization of automatic equalization and carrier acqui-
sition for BPSK signals, using the MMSE criterion and a joint steepest-descent algorithm.
He studies the location and magnitude of the stationary points of the MSE function and finds
that there is no local minimum or maximum and an infinitude of global minima, located =
radians apart. He also derives necessary convergence conditions for the joint algorithm. Fal-
coner addresses the same problem, for two-dimensional-modulated suppressed-carrier data
signals, proposing the joint LMS carrier phase recovery and adaptive equalization algorithm
[38], [39]. The algorithm is studied in order to establish the convergence bounds, as well as
the response to different carrier phase excitations.

Qureshi studies a joint timing recovery and adaptive equelization algorithm in {13], for

partial-response systems. He proposes a joint LMS algorithm and discusses its practical
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implementation. Previously, he had considered a gradient-directed search of the error pro-
duced at the output of the adaptive equalizer, in order to find the optimum position of the
reference tap [40].

The different forms of adaptive equalizers-based joint algorithms presented above rep-
resent the basic knowledge in the field and are expanded upon in this thesis. In particular,
Qureshi’s work is generalized in Chapter 3 and 4 (see also [41]). The convergence conditions
and bounds are considered in details for general joint delay estimation and adaptive filtering
algorithms.

Recursive least squares adaptation algorithms, for the same kind of general joint adap-

tive system, are proposed in Chapter 5 and are also discussed in [42].

1.6 Thesis Organization

The thesis is organized as follows. The subject of the next chapter is the structure of
joint time delay estimation and adaptive filtering algorithms. The problem of estimating
the time delay and the correlation function between two received signals is introduced in
this chapter. A mathematical model is initially discussed, and a possible form for the joint
maximum likelihood estimator, for the time delay and the correlation function between two
observed Gaussian signals, is presented. The joint MMSE and LS algorithms, as studied in
the subsequent chapters, are then introduced. The objective of this brief theoretical chapter
is twofold. First of all, the structure and interpretation of an optimum (in the maximum
likelihood sense) processor, as derived in Appendix A, is discussed. This represents by itself
an interesting exercise in estimation theory and the general results are new. The second
objective of Chapter 2 is to highlight the motivation for simpler and more practical joint
estimator structure, as studied in the subsequent chapters.

Joint, gradient-based, MMSE time delay estimation and adaptive filtering algorithms
are studied in Chapters 3 and 4. The MMSE theory, for joint estimation, is reviewed in
Chapter 3 as a function of the different variants of the joint adaptive structure, and the
joint steepest-descent algorithm is studied. In this algorithm, the derivative with respect
to the delay and the gradient with respect to the weight vector are computed exactly. The
convergence of the joint steepest-descent algorithm, from an arbitrary point, is studied.
Then, the delay tracking properties are investigated, in general terms, and as functions of
the system parameters.

The joiht LMS algorithm, in which both the adaptive delay element and the adaptive

filter are adapted using a stochastic gradient approximation, is studied in Chapter 4. The
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convergence, from arbitrary initial conditions, is considered again, followed by an analysis
of the conditions of convergence, in the mean and in the mean square, of both the estimates.
The excess MSE and the misadjustment expressions resulting from the stochastic gradient
approximation are derived for different variants of the joint adaptive structure.

The subject of Chapter 5 is the application of the recursive least squares algorithm
(RLS) in the adaptation of the joint adaptive structure. A new form of RLS algorithm,
in which the adaptive filter is adapted recursively, both in time and in the optimum delay
direction, is derived. This chapter has a structure that is slightly different than the structure
of Chapter 4, since it is mainly oriented toward the derivation of the joint LS algorithm,
which is much more complicated than the joint SD or LMS algorithms. The excess MSE
and misadjustment, caused by the finite memory of the algorithm, are also computed.

Following these theoretical chapters, Chapter 6 is more practically oriented. It presents
and discusses the implementation of the joint LMS and LS algorithms and present numerous
simulation results. The goal of the chapter is to confirm the applicability of the joint algo-
rithms in different situations, and to verify the different theoretical results of the previous
chapters.

Finally, Chapter 7 summarizes the thesis, discusses the contributions and gives some

future research avenues.



Joint Time Delay Estimation
Chapter 2

and Channel Identification

2.1 Introduction

The problem of estimating the time delay and the correlation function between two
received signals is presented in this chapter. A mathematical model for the two signals
is introduced. A form for the joint maximum likelihood estimator, for the delay and the
correlation function, is derived, assuming Gaussian signals. Next, joint delay estimation
and adaptive filtering algorithms, as studied in the subsequent chapters, are discussed. The
goal of this chapter is to present the joint estimation problem in mathematical terms and

to discuss the relative merits of the estimation algorithms based on different criteria.

2.2 The Mathematical Model

Two discrete signals, y1(n) and y2(n), are assumed to be available to the joint estimation
algorithm. The mathematical model for the generation of these signals is
y1(n) = s(n) + vi(n) @1
y2(n) = Lp, a(n)ls(n)] + v2(n),
where s(n) is the transmitted stationary t signal and Dy, is a delay, possibly time-varying. In
addition, £ Dn,h(n)(') is an unknown linear operator, taking the form of a filtering operation,
with the filter impulse response h(n), of a delayed by Dy, version of the input signal. The

signals v1(n) and v2(n) are zero-mean stationary noise processes, assumed uncorrelated with

t Unless otherwise stated, stationarity means stationarity in the wide sense.
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each other, as well as with s(n) and Lp, p(n)[s(n)]. A block diagram corresponding to the
mathematical model (2.1) is illustrated in Fig. 2.1. Note that all the discrete signals defined
above are assumed to be the sampled versions, with sampling period T', of continuous-time

signals that are strictly bandlimited to the frequency range —1/2T < f < 1/2T.

v1(n)
P NI
s(n)
Lp, nm)ls(n)] _‘?—‘ y2(n)
v2(n)

Fig. 2.1 Mathematical signal model

It is assumed that Lp,_ p(n)[s(n)] can take the two following forms:

Cf),.,h(n)[s(")] = h(n) ® s(nT - D), (2.2)
corresponding to the filtering of a delayed version of s(n) or
LY hm)s(m)] = h(®) ® 5()|e=nT— D, (2.3)

corresponding to a filter followed by a delay. Note that the operator ® is the convolution
operator. The form of (2.2) is defined as a Type I system and the form of (2.3) as a
Type II system. Note that because h(n) and s(n) are the sampled version of A(t) and s(t),
Lg,,,h(n)[s(")] is also given by

[’g",h(n) [s(n)] = Y _[h(k) ® s(k)] Sil;[zrt(t__k;f%ﬂ lt=nT=D, - (2.4)
k

The Type I and Type Il system models can be represented by the block-diagrams of Fig. 2.2.
In the joint estimation problem, it is required that both the time-varying delay D, and the
reference filter h(n), or its inverse A=1(n), be estimated 1.

The mathematical model presented in this section will be used, in Sections 2.3 and 2.4,
to derive the structures of joint estimators based on the maximum likelihood criterion [43]

and on the minimum mean squared error and least squares criteria [7).

t Note that the inverse of any linear ﬁitering operation h(n) is denoted as h~!(n). Therefore h(n) @
h=1(n) = §(n).
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s(n) D Linear ‘__L:{)n,h(n)[s(n)]

Filter h(n)

(a)

s(n) Linear D, b D" h(n)[s(n)]
Filter h(n)
(b)
Fig. 2.2 System models of interest; (a) Type I model, (b) Type II

model

2.3 The Joint Maximum Likelihood Estimator For a Type I System

The ML estimator has been derived by a few authors, for the identification of a pure
delay between two Gaussian signals [15], [16], [17]. New results, concerning the generaliza-
tion of the pioneering work appearing in these articles, are presented in this section. The
derivation of these results, mainly concentrated in Appendix A, is accomplished by using
basic tools in estimation theory {43]. The resulting form of the joint ML estimator provides
the motivation for simpler and more practical joint estimator structures, as presented in
Section 2.4 and studied in the subsequent chapters. The ML estimator for a finite observa-
tion time is presented in the next subsection and its extension for long (infinite) observation

interval is discussed in Subsection 2.3.2.

2.3.1 The Joint ML Estimator for Finite Observation Interval

The parameter estimation model of (2.1) is utilized with Lp_ y(n)[s(n)] given in (2.2).
The signal s(n) is assumed to be the sampled version of a continuous-time sample function
s(t), from a stationary zero-mean Gaussian random process with an autocorrelation function
defined as ¢ss(7). The discrete-time noise processes v3(n) and v2(n) are sampled version of
zero-mean stationary continuous-time Gaussian noise processes, assumed white with power
spectral density N,/2 W/Hz. Hence, the discrete-time noise processes have the following
autocorrelation functions

N°6

Gv101 (k) = buguy (k) = —=6(k), (2.5)
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with é§(k) defined as

1 fork=20

6(k) = { . (2.6)

0 otherwise.
For the analysis, the reference delay D, and the reference filter A(n) are also assumed to be
constant with time. Note that the assumption of equal noise variances, although seemingly
artificial, is a common one in the delay estimation literature. Furthermore, in the case of
the derivation of the ML receiver, it simplifies considerably the computations.

The objective is to derive an estimator producing the estimates of D and h(n), defined
respectively as d and w(n), that maximizes the likelihood probability of the observed signals
y1(n) and y2(n), over a certain discrete-time interval [ny, np]. In order to perform this task,
the mathematical model of (2.1), given some values d and w(n), is expressed in the following
vector form

y(n) = s(n|d,w) + v(n), (2.7)

where the vectors are defined as

y1(n)
(n) = [ ] (2.8)
’ y2(n)
(n|d,w) = ) (2.9)
U Eﬁ’w(n)[s(n)] .
v1(n)
v(n) = [ ] . (2.10)
vg(n)

The vector w is defined as the assumed reference filter weight vector, whose components
are the samples of the impulse response w(n). The ML estimation problem is therefore the
same as computing and maximizing the likelihood probability of the received vector y(n),
given the parameters d and w, over an interval [ny,ng]. Since all signals are Gaussian,
this is equivalent to the computation of a log-likelihood function ¢(d, w). The derivation of
this likelihood function is given in Section A.1 of Appendix A, using a vector form of the
Karhunen-Loéve decomposition [43]. The final form of this function is found to be the sum

of a noncausal term £y(d,w) and a bias term £g(d, w). Therefore,

{d,w)=Ly(d,w)+{g(d,w), (2.11)
where ny
ty(d,w)=1/N, > Y y(n)Qa(n, mld,w)y(m) (2.12)
and "=n1 ":nl
Lp(d,w) = -é ;m [2’\(%"-) + 1] : (2.13)
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In (2.12), Q2(n, m|d,w) is the matrix impulse response of the noncausal linear MMSE point
estimator of s(n|d, w), from the received vector y(n), given the parameters d and w [43]. It

is given by the solution of the “normal” equation
N o
_2QQ2(n’ mld, W) + Z QZ(na k|d’w)@58(k - m|d7w) = §$(n - mldaw)v (2'14)

k=n,
for n; < n < ng,n < m < np. The matrix ®g5(k|d, w) is the covariance matrix of the
vector s(n|d,w), defined as (s(n|d, w) is zero-mean)

Bss(kld, w) = E[s(n + k|d, w)sT (n|d, w)], (2.15)
where H denotes complex conjugate transpose. In (2.13), A;(d,w) is the i** eigenvalue of
Dss(kld, w).

The form of the joint ML estimator, based on the above definitions, is given in Fig. 2.3.
It is a noncausal processor, and a causal estimator can be obtained by delaying the matrix
impulse response and the input vector by a value equal to the estimation interval N =
ng —ny + 1, as shown in Fig. 2.4. The response Q9(n — N, m|d, w) is defined over n; + N <
n < ny+ N,n; < m < ng and the bias term has to be delayed accordingly. Note that
the form of Figs. 2.3 and 2.4 is only one possible realization of the ML estimator and that

other structures are possible [43]. The form of Figs. 2.3 and 2.4 is similar to the canonical
realization number 1 of [43] and [16].

O]
yi(n) 81(n) '
Linear MMSE 7%; z:?‘2;"1 by (d,w) ¢(d, w)
(n) estimator 52(n) é , f_p ’
20 1 Qa(n,mld,w) |20 ? Ay, T
(.)* eﬂ(dv W)

Fig. 2.3 Blockdiagram of the noncausal joint maximum likelihood
estimator (canonical realization number 1)

The computation of the likelihood function can be expressed in a more appealing form
by assuming that the observation time is long compared to length of the impulse response

of the receiver. This is done in the next subsection.
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Ok e B
y1(n) ) S1{n - N) X 1 zn2+N
Lm'ea.r MMSE No &~n=n1+N ey(d w)mf(d w)
( ) estimator
ya(n _ Bo(n— N +N
Qa(n = N,mld, w) O e b DAY
(')* v . ZB(d, w)

Fig. 2.4 Blockdiagram of the causal joint maximum likelihood
estimator (canonical realization number 1)

2.3.2 The Joint ML Estimator for Long Observation Interval

The assumption of long (infinite) observation interval simplifies the computation of the
likelihood function £(d, w) by allowing the use of time-invariant filters and frequency domain
relationships. This assumption is of practical importance because if the observation time is
long compared with the time necessary for the system transients to die out, the estimator
performs close to optimum [44]. The assumption of infinite interval is only used to solve
the integral equations of the form of (2.14). The resulting receivers are still used over the

interval [ny,np] .
2.3.2.1 The Function {y(d,w) for Long Observation Interval

Assume that n; — —o0 and np — oo. Then (2.14) becomes

i Qa(k|d, w)Pyy(n — kld, w) = Pss(n|d, w), (2.16)

k=—0c0

where ®yy(k|d, w) is defined as
$yy(kld, w) = E[y(n+ k)y (n)|d, w]
= E[s(n + k|d, w)s# (n|d, w)] + E[v(n + k)vH (n)] (2.17)
= ®g5(k|d, W) + al °I§(k),

! Note that Champagne et al. [17] use a dimensionality reduction technique that eases the solution of
the integral equation, in the case of pure time-delay estimation, and leads to a signal processor form
that computes exactly the ML pure time-delay estimator over an arbitrary observation interval.
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with I representing the 2 X 2 identity matrix.
Taking the Fourier transform and solving, the frequency domain solution is the matrix

transfer function given by
Q2(e7|d, ) = Bss(e7|d, W) BTy (e7|d, w). (2.18)

Solving the above equation and using the result in (2.12) gives, after some manipulations

(see Section A.3 in Appendix A)
ty(d,w) =1/2N, Y [#(~n|w) ® yi(nT - d)lya(n)
n

+1/2N, Y _[i(nlw) ® cu(n) ® y1(nT - d)]y3(n)

2.19
+1/2N, ) Jli(nlw) ® w(n) ® y1(n)lyi(n) .

+1/2N, Y _[ib(nlw) ® w(r) ® ya(n)]y3(n),

where _ .
st = £ [2LLIT ()] @0)
jwy _ D45 () (IW(e7%) |2 + 1)

O = B e W )+ 1 7 Nof2 (221
cw(n) = w(n) ® w(n) (2.22)
B5(e7) = Flgss(n)] (2.23)
W(e??) = Flw(n)] (2.24)

and F[-] is the Fourier transform operator.
2.3.2.2 Approximate Joint Maximum Likelihood Receivers

A possible realization of the receiver, based on (2.19) is illustrated in Fig. 2.5. This
receiver is suboptimal, but the approximation becomes better when the observation interval
increases.

The open-loop estimator operates as follows: for each possible value of d and w(n) in a
predetermined range of values, the likelihood ¢(d, w) is computed over the interval [n;, ng],
using the processor of Fig. 2.5. The estimate (D, h) is the pair corresponding to the likeli-
hood maximum, over the range of values considered. In open-loop operation, the estimator
is therefore conceptually made of a number (possibly infinite) of receivers operating in par-
allel. Every one of these parallel receivers effectively computes the likelihood of a certain
couple. By quantizing the range of possible solutions, the number of receivers is reduced
from an infinity to a finite number (although very large in the case of a multicomponent
vector w) [43).
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v1(n) de:‘Y W(ew) W2 (ei) -®
y2(n) ()
ﬂ+)—— 3 Lon
W (i) =~ W(ei*) )
Lp(d,w)
O

W(ej“’) —— W ()

)

Fig. 2.5 Blockdiagram of an approximate noncausal joint maximum
likelihood receiver

2.3.2.3 Adaptive Maximum Likelihood Estimation

The open-loop estimator described above can, in theory, be made adaptive in several
ways. This is desirable because the number of parallel receivers, in the open-loop estimator,
would clearly be too large for any practical channel h(n). Iterative search procedures,
based on different forms of descent algorithm, can be used for the computation of local
solutions [31]. These algorithms can also form the basis of suboptimum processors, for
on-line estimation of D and h.

Consider the noncausal joint ML receiver of Fig. 2.5. This receiver computes the like-
lihood function for a block of data, which is assumed large compared to the time necessary
for the system transients to die out. It makes use of noncausal filters, i.e. at any iteration
n, the output of the receiver is function of future input data. The estimation can be of

the block type, in which the likelihood function is computed for fixed blocks of data and
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the estimated values updated on a block-by-block basis. Within the it® block, the values
of D and h can be estimated by performing an exhaustive search independent of the values
estimated in the previous blocks, or by performing a limited search, based on some of the
information obtained previously. Since the likelihood function for the it* block, denoted
E(‘)(d,w), is generally multimodal with respect to both d and w, the latter procedure is
preferable. Because £(*)(d,w) is a random variable, the search should perform a form of
average over the blocks. The update formulas can take the form of a general joint algorithm
wlitD) = f(w(9) 10)(d, w))
, N (2.25)
d0t1) = g(d®, 0)(d, w)),
where the functionals f(-) and g¢(-) are updating directions. These functionals may be
defined, for example, as

Fw, 60)(d, w)) = max E[{)(d,w)]  for w € Rw(i+1)
v (2.26)

g(d®, 6 (d, w)) = max E[t()(d,w)] for de Ry(i+1),
where the parameter ranges Rw(i + 1) and Rq(i + 1) are defined in relation with w(*) and
d(") respectively, in order to narrow down the range of possible values for (d{i+1) w(i+1)),
The information from the previous block is therefore utilized to limit the range of parameter
search in the actual block.
Another definition for the functional could be
f O, £0(d, w)) = w) + 4 vw E[(0)(d, w))]

‘ 2.27
(@9, 69(d, w)) = ¢ 4 2EL L)) (2:20)

b

where ¢ and a are small positive gain factors. This algorithm is a form of block joint
steepest-descent algorithm applied on the likelihood function [31]. Note that the derivative
information is added to the previous estimate value since the objective function £()(d, w))
must be maximized.

The receiver of Fig. 2.5 can be made causal by delaying the two input signals by a
suitable number of samples. In this case, the likelihood function at iteration n, denoted
£,(d,w), can be computed by using data only available at this time, and a sample-by-sample
search can be performed. It can be of the form

Wnt1 = Wn + 4 Yw, Ella(d, w))]
OE[tn(d,w))] (2.28)
od ’

where a joint steepest-descent search is used to update the estimates at every iteration. This

dn+1 =dpn+a

algorithm should converge asymptotically to a solution corresponding to a local maximum
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of the objective function. It has also the potential to track the variations of the parameters
with time. ‘

Another form of adaptive ML estimator can be based on an hybrid system, in which
a coarse open-loop block search is first performed and is followed by a closed-loop search,

around the values estimated in the open-loop search [43].

2.3.3 Discussion

Different forms of the joint maximum likelihood estimator, for time-invariant reference
delay and filter, have been derived in the above subsections. Every one of these forms is,
without exception, difficult to implement. They involve the solution of integral equations,
and the number of components in the vector w complicates even more any joint open-loop
estimator. A closed-loop (adaptive) estimator reduces considerably the latter problem, at
the expense of introducing convergence inaccuracies (convergence to local solutions). A
hybrid system appears to be the best solution, at least conceptually. But the complexity
inherent to the receiver of Fig. 2.5, and the computation in real time of the bias term remain
problematic.

Nevertheless, the structure of the ML receiver is of interest. First of all, note that if
the reference filter is absent, the receiver reduces to a cross-correlation receiver identical
to the ML estimator for pure time delay estimation. When the reference filter has to be
estimated, the joint ML receiver performs three distinct functions. First, it delays and
filters the received signal yj(n) before it correlates it with ya(n). Secondly, it performs
two extra correlations, in the lower two branches of the receiver. Finally it computes and
adds the bias term. Considering only the first function, the form of the receiver is that
of a delay element in cascade with a group of filters, both applied on one of the received
signals, followed by a comparison (correlation) with the other received signals. This form
is appealing and can be retained in other types of joint estimators.

It seems therefore appropriate to consider simpler joint estimators based on different
criteria and exhibiting the aforementioned form. These more practical estimators are the

subject of the next section, as well as the main subject of this thesis.

2.4 The Joint MMSE and LS Estimators

Taking into considerations the previous discussion, a form for the joint adaptive es-

timators, based on the MMSE or the LS estimation criteria, is readily obtained. It is
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composed of an adaptive branch, with an adaptive delay element connected in cascade with
and adaptive filter, and of a reference branch used to generate an error signal. The adaptive
branch is either in Type I or in Type II configuration, and is used to estimate jointly the
reference delay D, and the reference filter h(n), or their inverses. If the reference branch
is estimated, the configuration is the cancellation one, illustrated in Fig. 2.6. If the inverse
of the reference branch is desired, the equalization configuration, as shown in Fig. 2.7, is
used. In terms of adaptive delay and filter, Figs. 2.8 gives a detailed form of a Type I
joint estimator in cancellation configuration. Note that the cancellation of a certain Type
of system (I or II) is always performed by an adaptive system of the same Type, while
the equalization is accomplished with the other Type. In the rest of this thesis, whenever
it is question of a certain Type of configuration performing a certain task (cancellation or
equalization), the system to cancel or equalize (the reference system) is of this Type and it
is implicitly assumed that the adaptive system has the proper structure. If it is clear that
a specific branch or system (adaptive or reference) is used, then the Type applies to this

specific system.

Y1 (n) Estimator y(n)

L:ﬁ,.,i‘(n)[']

O

+

y2(n)

r(n)

Fig. 2.8 System identification (cancellation) configuration

These joint time delay estimation and adaptive ﬁltéring algorithms may be used in
any application where both the reference delay and filter must be estimated. They may
also find some applications in different areas of adaptive signal processing, especially in
the enhancement of already existing techniques involving adaptive filters. The addition
of an adaptive delay element to the usual adaptive filtering operations can improve the
conventional adaptive parameter estimation techniques that would otherwise be of limited
usefulness. In order to appreciate this fact, an adaptive filtering application, in which the
input signal and the reference signal exhibit a different sampling rate, is considered in the

next subsection.
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y1(n)

e(n)

Estimator
7] () pE—

Eopainl] | ym)

Fig. 2.7 Inverse filtering (equalization) configuration

v1(n)
_s(n éyl(n) Adaptive
Filter w(n)

Reference
Filter h(n)

Fig. 2.8 Type I systems in cancellation configuration

2.4.1 The Sampling Rate Difference Problem in Adaptive Filtering

An adaptive system in which the input signal and the reference signal exhibit a different
sampling rate may take different forms. One of these possible configurations is given in
Fig. 2.9, where noiseless conditions have been assumed. The input signal s(n) and the
reference signal r/(n) are sampled at the same rate. A time-variant sampling rate conversion
is applied on 7/(n), i.e. the uniformly sampled signal r'(n) is ideally interpolated and
resampled with a nonuniform sampling period T"(¢) = TA(3), for 1 < 7 < n and A(7) a real
number.

In such a system, the input signal autocorrelation matrix R, defined as

R = E[s(n)s? (n)] (2.29)
s(n) = [s(n),s(n = 1),...,s(n — M + 1)]T (2.30)
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Adaptive

algorithm

3(n) = s(nT) FIR yn) - e(n)
Adaptive Filter \+J
wp, (Length: M) +

r'(n) = r(nT)

Sampling rate

Conversion A(n)

r(n) = r(Z T'(i)

Fig. 2.9 Adaptive system with sampling rate conversion

is constant for a stationary input signal. The cross-correlation vector p,, defined as
Pn = Efs(n)r*(n)]
[ E[s(n)r*(n)] ]

E[s(n - 1)r*(n)] (2.31)

| E[s(n— M + 1)r*(n)] ]

is a function of time. This is the case since the (I + 1)t* component of py is given by

Pi+1(n) = dsr(n — 1, n) = E[s(n — 1)r*(n)] (2.32)
= E[s(nT —IT)r*()_ T'(i))]
1=1
= ¢er[(n =T = D" T'(3)], (2.33)
1=1

where ¢, (7) is the continuous complex cross-correlation function between the jointly sta-
tionary continuous signals s(¢) and r(t) and 77(¢) is the reference branch sampling period

at the ith sampling instant. The continuous cross-correlation function is defined as
dsr(T) = E[s(t)r*(t — 7))}, | (2.34)

and, for wide sense stationary signals, is a function of T only [45]. Equation (2.33) can be

written as n

pLe1(n) = durl{n — 1 = 3 A@)TI, (2.35)

1=1
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which shows clearly the dependence of p on n. If A(i) = 1 for all ¢, there is no sampling rate
conversion and p is not time-varying. This shows that even if the sequences s(r) and r(n)
are individually stationary (when A(7) is a constant for all ¢), they are not jointly stationary
when the sampling period ratio A is different from one.

Using the notation of [7], the output of the adaptive filter is defined as

y(n) = wis(n). (2.36)

The MSE function, defined as &, = E[|e(n)|?], is then of the form
£n = érr(0) + wH Rw,, — 2Re[wilp,], (2.37)

where ¢;-(0) is the reference signal variance. Considering Wiener filter theory [43], the

weight vector minimizing the MSE at time n is [7]

Wopt(n) = R™pn,. (2.38)

The MMSE weight vector is obviously time varying, i.e. the quadratic performance surface
is time-variant. Because the matrix R is constant, its eigenvalues and eigenvectors are
constant and the quadratic performance surface is constant in shape, but varies its position
with time. If, for example, the sampling rate ratio A is constant and different from one,
and if it is assumed that ¢4r(7) — 0 as 7 — oo, then limp—oo pn = 0 and wope(n) — 0 as
n — oo. This particular case illustrates the limiting situation where the filter input and
the reference signal are totally decorrelated and the adaptive filter is virtually useless. A
similar situation happens when the adaptive filter time span is larger than the maximum
time lag for which the filter input and the reference signal are correlated.

This decorrelation between s(n) and r(n) is equivalent to a time-varying delay, which
can be computed as follows. Assume that for some integers M and K, the following relation

is true

M M
KT =) T'(i))=T)_ A%i), (2.39)

=1 1=1

i.e. r(n) and s(n) are time-aligned at time KT. Then, for n = K +{, r(n) is

l

r(K+1)=r(KT+TY MK +1)) (2.40)
1=1
and s(n) is v
S(K+1)=s(KT +1T). (2.41)
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Then r(n) lags s(n) by the time-varying value D, = T(I - Z£=1 A(K +1)). An additional
adaptive delay element, connected in Type I or in Type II configuration with the adaptive
filter, can therefore make viable the original adaptive solution by compensating for the
sampling rate difference. An adaptive system, in cancellation mode and corresponding to a
Type I configuration, is illustrated in Fig. 2.10. Note that the reference branch in Fig. 2.9 is
of Type II. Note also that if the reference delay Dy, is constant with time (i.e. the sampling

rates are the same), the two types of systems are equivalent 1.

Estimation
algorithm
Adaptive
algorithm
s(n) = s(nT) . A'daptive T~ e(n)
Filter w, +

Sampling rate

h(n)

Conversion A(n)

Fig. 2.10 Type I adaptive system with sampling rate conversion

2.4.2 Discussion

The form of joint MMSE or LS estimators that is favoured in this thesis has been
introduced. It has the advantage to be very simple since it essentially mimics the form of
the operator L, p(n)(*)- Its basis is the conventional adaptive filter, using the MMSE or the
LS estimation criteria. The combination of an adaptive delay element and an adaptive filter
constitutes by itself a joint delay estimation and channel identification technique that can

be compared to any other form of such joint estimator, in particular the joint ML estimator

! If the sampling rates are different, the sampling rate conversion is equivalent to a linear time-variant
system and such systems are not, in general, commutative. Types I and II are therefore not equivalent
in this general case.

-2 -



derived in Section 2.3. But it constitutes also an improved version of the conventional

adaptive filter, which increases its potential utility.

2.5 Summary

Three structures for performing joint time delay estimation and channel identification
have been presented. A mathematical model for the received pair of signals has been
introduced. The joint maximum likelihood estimator for Gaussian signals has been derived
and its limited practical utility discussed. The ML estimator has been used to specify
a simpler joint estimator structure, composed of an adaptive delay element operated in
conjunction with an adaptive filter. The MMSE and the LS estimation criteria are well
suited for that new structure. It was finally noted that the joint delay estimation and
adaptive filter algorithm can also be considered as an enhanced version of the conventional

adaptive filter.
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Joint Time Delay Estimation and Adaptive
Chapter 3 Minimum Mean Squared Error Filtering:
The Joint Steepest-Descent Algorithm

3.1 Introduction

This chapter presents an analysis of joint delay estimation and channel identification
based on the minimum mean squared error (MMSE) performance index, when the chan-
nel identification is specifically performed by an adaptive transversal filter and the delay
estimation is accomplished independently from this filter, by an adaptive delay element.
A joint steepest-descent algorithm is investigated here and a joint LMS algorithm will be
considered in Chapter 4.

The principal contributions of these two chapters are the generalization of existing
gradient-based time delay estimation without the reference filter h(n), and the analysis of
a new joint algorithm for the synchronization of the input and the reference signals used
by an adaptive filter. The joint steepest-descent and LMS algorithms are generalizations of
joint clock phase recovery and adaptive equalization based on MMSE phase tracking. This
generalization is based on the facts that the sampling period and the sampling phase are
tracked, and that the signals considered are general and not limited to data signals. These
joint algorithms assume generally that the input signal and the reference signal fed to an
adaptive filter are not sampled with the same clock period. They also allow the tracking of
time-varying delays, in the reference path, by a process separated from the adaptive filter,
which itself is free to perform the task of modeling the linear filter h(n) or its inverse. The

material presented here and in Chapter 4 expands upon the work published in [13] and [29].
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The chapter is structured as follows. Some general theoretical concepts are presented
in Section 3.2. In particular, the minimum mean squared (MSE) function is derived in
general terms and a derivative-based search of its minimum, with respect to the adaptive
delay, is discussed. These general concepts are then applied in Section 3.3, where the
joint SD algorithm is considered in some details. Finally, the theoretical results derived in

Sections 3.2 and 3.3 are applied to some special cases in Section 3.4.

3.2 General MMSE Theory
Recall that the model studied is (see Section 2.2)

y1(n) = s(n) + vi(n)

(3.1)
y2(n) = Lp, nny[s(n)] + va(n).

Recall also that, depending on the problem at hand, the operator Lp, j(n)[s(n)] can take
the form of the filtering of a delayed version of s(n) or the form of a filter followed by a
delay. The former configuration is defined as a Type I system and the latter as a Type Il
system. These two definitions also apply to the joint adaptive estimator. Note that the two
- types of systems are equivalent if the corresponding delay is constant with time.

The adaptive filter is a transversal filter, with a weight vector w, of length M. The goal
of this filter is to estimate the impulse response h(n) or its inverse. It is desired that the
reference delay value D, be estimated separately from the adaptive filter, by an adaptive
delay element d, cascaded with the filter in Type I or Type II form. In joint MMSE
delay estimation and adaptive filtering, the mean squared error surface is searched by both
the adaptive filter estimation algorithm and the delay estimation algorithm. In system
identification (cancellation) scenarios, yi(n) is filtered by an estimate of Lp  j(n)[s(n)]
and the resulting signal is subtracted from yy(n), in order to form the error signal. In
inverse filtering (equalization), y2(n) is passed through an estimate of £_ Dn,h-l(n)[s(n)]
and compared to y;(n). This was illustrated in Figs. 2.6 and 2.7.

3.2.1 The Mean Squared Error Function

In general, the output of the adaptive branch can be defined as y(n) and the reference

signal as r(n). Then the error signal is defined as

e(n) = r(n) - y(n), | (3.2)
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and the MSE function, at time n, as

€n = Efle(n)|?).

The joint estimation can be thought of as taking place in a vector space made of a weight
vector subspace and a delay subspace. The two subspaces are not orthogonal, which implies

that the two estimation processes are not independent (because the adaptive filter can model

a reference delay).

The MSE function, for all possible combinations of configurations (cancellation or equal-
ization in Type I or Type II), can be represented by a general expression. In order to do so,
define as u(n) the input to the adaptive branch, whether this branch is in Type I or Type II

configuration. The output of the adaptive branch is y(n) and the reference signal is r(n).

This is illustrated in Fig. 3.1.

u(n) p Adaptive y(n)
- Filter w(n)
B
r(n)
(a)
u(n) | Adaptive d y(n)
Filter w(n) "
O
r(n)
(b)

Fig. 3.1 General model for (a) a Type I adaptive system and for (b) a

Type II adaptive system

- 98 -



Assume also that a correlation function ¢,4(n, m), betweer ~wo discrete signals a(n)
and b(m), is defined in terms of the correlation function betweer . ne continuous signals a(t)

and b(t) as
$ap(n,m) = Ela(n)b*(m)]

= Ela(nT + A)b*(mT + Ap)) (3.4)
= ¢gp(nT + Ap,mT + Ap),
where A, and Ay, are the delays imposed on the continuous signals at iterations n and
m 1.
The MSE function can then be represented by either one of the following equivalent

equations

H H
¢-,- n,n +W"R.W —2Rew
E { T( ) d nWdn [ ann] (3.5)

Grr(n,n) + dyy(n,n) — 2Re[@yr (0, n)],
where Re[] is the real value operator, ¢rr(n,m) and ¢yy(n, m) are respectively the auto-
correlation functions of the reference signal and the adaptive branch output, ¢yr(n, m) is
the cross-correlation function between this output and the reference signal, R, is the au-
tocorrelation matrix of a delayed version of the adaptive branch input u(n) and py is the
cross-correlation vector between the same delayed input and the reference signal. Finally,
Wqn is a delayed version of the weight vector wp.

The autocorrelation matrix and the cross-correlation vector are then expressed as

Ry = E[uzuf) (3.6)
pn = Elu,r*(n)], (3.7)

where u, is the equivalent vector of delayed input samples, stored at iteration n, in the

adaptive filter delay line. For a Type I adaptive system, this vector is
Uy = [u(nT = dp),u(RT =T = dn_1),...,u(nT = MT + T = dy_pr41)]T. (3.8)
For a Type II system, u, is
Uy = [u(nT = dy),u(nT = T = dy),...,u(nT = MT + T — dp))7. (3.9)

Similarly, the weight vector is given by

wq = w(nT) Typel
Wdn =

(3.10)
WnT—d, = W(nT — dn) Type 1L

! The difference between a discrete and a continuous correlation function is not explicitly denoted oth-
erwise than by using discrete or continuous time arguments.
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Note that, as with all signals and systems, the adaptive filter transfer function is assumed
strictly bandlimited to —7 < w < . The vector w(nT — dy) is therefore obtained by resam-
pling at nT ~ d,, the continuous version of w(nT'). Note also that the above relationships

are true if the output of the adaptive branch is defined as
y(n) = wfnun. (3.11)

Some other variations of Type I and II adaptive systems, for which the MSE function
form of (3.5) applies, can also be defined. For example, a modification of a Type I system
is one in which the delay d, propagates instantaneously through the adaptive filter delay
line, i.e. where u, is represented as in (3.9). In Type II configuration, it is possible
to transfer the adaptive delay to the reference branch. For the cancellation of a Type II
configuration, this means that a negative delay d, is applied in the reference branch, instead
of a positive delay dn, in the adaptive filter branch. Such a system is illustrated in Fig. 3.2
and is called a Type II-DRB (delay in reference branch) system. For the equalization of
a Type I configuration, the adaptive delay can be made positive in the reference branch,
instead of being negative in the adaptive branch. These particular adaptive Type II-DRB
configurations have the advantage that wy, = wp and will be preferred in practice. The
Type II adaptive system with a delay in the adaptive branch is called a Type II-DAB
adaptive system. Note that a signal s(n) that enters a delay dp, always becomes s(nT — d,),
and it is the sign of d, that indicates if the signal is retarded (positive sign) or advanced
(negative sign). Finally, note that a negative delay is always implemented as a portion of a

positive reference delay, and corresponds to a decrease of this reference delay.

v1(n)
_8(n ém(n)ﬂ(n) Adaptive y(n)
Filter w(n)

—A én)
+

Reference n

D, 2 dn
Filter h(n) r(nT ~dp)
va(n)

Fig. 3.2 Type Il systems, with negative delay, in cancellation
configuration
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The two forms of {x, given in (3.5), reflect the nature of the joint estimator operation.
In the weight vector subspace, associated to the first equation of (3.5), the MSE function
is a quadratic surface {7]. The one-dimensional delay subspace is naturally linked to the
correlation functions of the second equation of (3.5). The MSE function is not, in general,
unimodal with respect to d,. In order to see this, note that £, depends on correlation
functions that vary according to the adaptive filter and the operator L[s(n)], as well as
to the autocorrelation function of the signals u(n) and r(n). All of these functions are
multimodal with respect to their time argument, which in turn causes the MSE function to

behave similarly with respect to d, and produces a multitude of local extrema.

3.2.1.1 The MSE Function for Specific Configurations

The MSE function is explicitly derived below, for the two Types of joint adaptive
configurations. The resulting expressions are instructive in that they show the relationship
between the adaptive filter coefficients and the different correlation functions involving the
time-varying delays. Note that the derivations are performed as functions of the general
signals u(n), y(n) and r(n) defined above, and apply to both the system identification

(cancellation) and inverse filtering (equalization) configurations.

Type I Adaptive Configuration

Using the second equation of (3.5), the MSE function is

€n =¢rr(n,n) + Z Z w;iwnj(f’uu(nT — T —dy_j,nT - jT - dn—j)
i 2

(3.12)
= 2Re[)_ whidur(nT = iT = dy_;,nT)],
3
where wy; is the i** component of the adaptive filter weight vector w, at time n.
Type II-DAB Adaptive Configuration
The MSE function is
bn =¢rr(mn) + Y D Wipr_g )i ¥(nT—dn)j$us(nT = iT = dn,nT = jT — du)
P (3.13)

— 2Re[)_ wyp_g,)ibur(nT — iT = dn,nT)],

where w(,T_g,); is the ith component of the delayed adaptive filter.
Note the effect of the adaptive delay in these two configurations, in particular in the

Type II structure, where the adaptive filter coefficients are directly affected by the delay.
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Type II-DRB Adaptive Configuration

In a modified Type II structure, as shown in Fig. 3.2, the delay is applied on the
reference signal only and the MSE function is of the form

€n =¢rr(nT — dn,nT —dy) + Y Y whiwnjduu(nT - iT,nT — jT)
Pl (3.14)
— 2Re[>  whibur(nT — iT,nT — dn)).
1
The above expressions will be applied, in the subsequent sections, to the mathematical

model of (3.1), used in the cancellation and equalization configurations.

3.2.2 Derivative-Based Delay Estimation

As argued in Subsection 3.2.1, the MSE function is multimodal with respect to the
delay d,, (consider (3.12) to (3.14)). This causes a problem in the search for the minimum
of £, with respect to d,. In closed-loop estimation, this phenomenon leads to false lock
problems, as in phase-locked loops. These problems are generally solved by designing an
acquisition procedure, in which the delay estimate is varied until the algorithm falls in its
tracking region, near the MSE global minimum. Once in tracking mode, the estimation
algorithm can compute the derivative of the MSE function with respect to the delay value,
and generate a correcting signal that brings the loop into lock. This is the essence of most

closed-loop MMSE methods proposed for the simple signal model in which

ﬁDmh(n)[s(n)] = 8(nT ~ Dy). (3.15)

A general form of the derivative-based delay estimation algorithm can be such that d, is

updated using a function f(-) of the previous delay estimate values, as well as a function of

the MSE surface. This form can be expressed as

dni1 = f(da) — gl7a(da)], (3.16)

where vp(-) represents the MSE function or an estimate of it at time n and g(:) is a func-
tional that effectively computes a form of derivative of y5(-), with respect to d,. Note that
¥n(+) is a function of n not only through dy, but also through wy and h(n). The form
of (3.16) is motivated by existing recursive optimization algorithms {31] or recursive sys-

tem identification algorithms [4]. Assume that f(-) and g(-) are real coefficients difference
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equations of the form

J
f(dn) =) cidn_j (3.17)
=0
! 39 —i
1=0 Rt

Then, d, is updated using a filtered version of the previous estimate values, as well as a

filtered version of the previous derivatives. This form is

! a'Yn—i(dn—i)
dnt1 = ZCJ n—j Z A (3.19)
'_0 n—1i
In a first-order algorithm, ¢y = 1, ap = a and all the other coefficients are zero. This
transforms (3.19) into the steepest-descent or the LMS algorithm, having the form

0vn(dn) i

dn+1=dn—a 8dn

(3.20)

A common assumption in the analysis of tracking algorithms is that the estimate is
close to the optimum value, which allows the linearization of the tracking loop [46], [29].
The Taylor expansion of yn(dy), around dy, = Oy, is

at )7n(dn) (dn - @n)i
Tn(dn) = ldn=0n——7—"
g ads, ! (3.21)
= 7n(On) + (dn — On)1n(On) + 1/2(dn — 02)*42(0n) + ...,
where the dot denotes the derivative with respect to d,. Assuming that @, is close to a

minimum (local or global) of the MSE function estimated by v,(dy), the higher terms are

neglected and the error function can be expressed as

Tn(dn) % Ya(On) + (dn = On)¥n(On) + 1/2(dn — ©2)*4a(On). (3.22)

This approximation is used in order to linearize the delay estimation algorithm. In delay
tracking conditions, the linearized general algorithm is obtained by combining (3.19) and

(3.22), and assuming that 4,(0,) = 0 T. It is given by

dnt1 = ECJ n-—]'*'z:aﬁn-t(en—t) n—i = dn—i). (3.23)

7=0 =0

! Note that this assumption is true when vy, (d,) is the MSE function and ©, is a minimum, but that it
can be false if a stochastic approximation of the MSE function is used.
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The linearized first-order algorithm is

dn41 = dy — 0Ha(On)(dn — On), (3.24)

which can be written as

dnt1 = (1 = @n(0n))dn + aOnin(O2). (3.25)

Equation (3.25) models the behaviour of a first-order delay-lock loop [46]. The variations of
Oy, represent the variations of the minimum tracked by the loop and 4,(©5) represents the
loop delay error generator characteristic for that minimum [19], i.e. the function of @, by
which the loop error is multiplied. At iteration n, (3.25) approaches the closest minimum
On if |1 = 04n(On)] < 1, ie. if

0<acx

o (3.26)

3.2.2.1 A Restricted Class of First-Order Delay Tracking Algorithm

The expression (3.25) is a linear difference equation with time-varying coefficients, which
makes difficult any convergence and stability studies. It is a function of the variations with
time, of both the error function 4,(-) and the value ©,. A restricted class of problem
allows the derivation of useful results. In this class, it is assumed that the function ¥,(0y)
is constant. This assumption implies that the delay error generator characteristic is not
influenced by the adaptive or reference filters changing characteristics, nor it is by Op.

Then, the first-order difference equation has for solution

n—1

n=(1-of)dp+ai ) (1-af)On ¢y (3.27)
£=0

Equation (3.27) convergesif |1 — a¥| < 1, i.e. for
0<a<?2/5. (3.28)

The time constant of delay adaptation can be defined by fitting the geometric ratio 1 — a¥
to an exponential with time constant 74
1-aj = e Ve
~1-1/74el-

The time constant of delay adaptation is therefore

1
Tdel = & (3.29)
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3.2.3 Discussion

Some general results have been established in this section. The effect of the adap-
tive delay on the MSE function was shown to be dependent on the structure used in the
estimation. If a Type I adaptive system (delay in front of filter) is such that the delay
d, propagates instantaneously through the adaptive delay line, or if the adaptive delay is
transferred to the reference branch in a Type II-DRB adaptive configuration (delay after
filter), then simplified expressions result. By using a truncated Taylor expansion of an esti-
mate of the MSE function, it is possible to obtain general results about the adaptive delay
steepest-descent algorithm. In particular, by restricting the second derivative of the MSE
function estimate to be constant, the gain factor range insuring convergence of the adaptive
delay SD algorithm can be computed, as well as the algorithm time constant. This special
case is not too restrictive and is applicable to systems in which the reference filter h(n)
varies slowly, in tracking mode. These results will be used in the subsequent sections with

the function v,(-) specific to the joint steepest-descent algorithm.

3.3 The Joint Steepest-Descent Algorithm

The simplest joint derivative-based algorithm is the first order one, which is composed

of the usual steepest-descent (SD) adaptive filter, of the form

Wnil = W — i Vwy, &n, (3.30)

and of the SD adaptive delay algorithm, expressed as

)
dnyy = dn - aa—i’:. (3.31)
Note that (3.31) is just equation (3.20) with
Yn(dn) = &n. (3.32)

The combination of (3.30) and (3.31) allows some extra flexibility in the application of
the joint SD algorithm. Define {{ds, W4, } as the MSE function for specific values of the
adaptive delay and weight vector. Then the adjustments of d;, and w, can be based both

on £{dn,Wq,}, giving the following form of joint SD algorithm

Wntl = Wn — [ Vwy, E{dmwdn}

3.33

dosy = dn —aaE{dg‘;wd"}. (3.33)
n
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The adaptive weight vector can be adjusted before the delay adaptation, producing the
algorithm
Wnil = Wn — U Vwy, £{dn,Wan}
0&{dx, Wd(n+1)} (3.34)
ddy, ’

or the delay element can be adjusted before the filter adaptation, giving
aaE{dn y wdn}

3dn (3.35)
Wn4l = W — U Vwy, E{dn+1,wdn}'

dn+] = dn -

dp41 =dp —

The algorithms of (3.33) to (3.35) can be generalized even further by allowing repeated
adaptations on the same input data, which is referred to as data reuse[47). This offers a large
number of possibilities for the alternation of the two adaptive processes. The algorithms
(3.33) to (3.35) will be the only ones considered in this chapter and the algorithm (3.33)
will be referred to most of the time, when the expression “joint SD algorithm” is used. The
two special forms of (3.34) and (3.35) will be called the joint alternate algorithms.

The convergence of the joint SD algorithm is considered in the next subsection. Then,

Subsection 3.3.2 treats of the delay tracking properties of the algorithm.

3.3.1 Convergence of the Joint SD Algorithm

A necessary condition for a specific d, and wy, to be a stationary solution of the algo-

rithms (3.33) to (3.35) is that both of the following equations be satisfied [37]

de,,{n =0
% _ (3.36)
od,

This condition is general and applies to any type of adaptive structure. Note that the first
equation of (3.36) is in fact a necessary and sufficient condition for convergence. This is so
because £, is quadratic with respect to wy,,, which implies that there is a unique minimum
in wq,, for a given value d;,. When the first equation of (3.36) is satisfied, this unique
solution is attained, and any further modifications of d, will increase €. This is the case
because the adaptive filter models both the relative delay and the reference filter in the
minimum MSE sense. Then, this solution corresponds also to a minimum with respect to
dyn. The sufficiency of the condition is due to the uniqueness of the minimum with respect to
Wqyn- A better idea of the convergence properties of the joint SD algorithm can be obtained

by assuming a particular Type I or Type II structure.
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3.3.1.1 Convergence Results for Particular Structures

Assume an adaptive Type I configuration in which the delay d, propagates instanta-
neously through the adaptive filter delay line, or an adaptive Type II-DRB configuration in
which the adaptive delay is applied to the reference branch, as in Fig. 3.2. In this case, the
first equation of (3.5) is such that the input signal autocorrelation matrix is constant and
the adaptive weight vector is not function of the delay d,,. Furthermore, assuming that the
reference filter is stationary, ¢y (nT — dy, nT — dpn) = ¢r,-(0) and is not function of d,,. The

necessary condition of (3.36) reduces to

{w" =R (3.37)
Re[wilp,] = 0,
i.e. the weight vector solution is the Wiener solution when the delay dj, is such that wy, is
orthogonal to py, or the product w,{” Pn is purely imaginary. Note that the solution of (3.37)
is not unique, which constitutes one of the most important characteristic of the joint SD
algorithm. This shows again the need for an acquisition algorithm that brings the estimates
close to their global optimum, before any tracking algorithm takes over.

The cross-correlation vector p, is a function of the cross-correlation function between
the delayed input signal and the reference signal. Its components are in fact the samples of
the corresponding continuous cross-correlation function. This forces the vector p, to follow
a path, in the weight vector subspace, specified by the cross-correlation function and makes
the weight solution R~1p,, a member of a specific subset of the weight vector subspace. In

order to see the nature of the solution in the delay subspace, express the MSE function as
€ = ¢rr(0) = P R™'pn + (Wa — R7'pa) R(wn — R™'pn), (3.38)

where the reference filter has been assumed stationary.

If the first condition of (3.37) is respected, the MSE function becomes

§o(dn) = énlw,=R-1p,
= ¢rr(0) - ijziR-an-

The second condition of (3.37) is respected if dy is a minimum of §,(dy), which is function

(3.39)

of the cross-correlation between the delayed input signal and reference signal.
Therefore, in order to be a stationary sdlution, the couple (dyp,wp) must be such that
dp is a minimum of £4(dy,) and wy, is given by R~1p,,. The convergence toward this solution

can be interpreted by considering a small-signal representation of py. First, note that
Vwnén = 2Rwy, — 2p;. (3.40)
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Using this expression, the joint gradient algorithm of (3.33) can be expressed as

Wnt1 = (I~ 2uR)wn + 2upn

(3.41)
dns1 = dn + 20Re[wHp,].

If the gain constant « is small, the change from d, to d,4 is likely to be small also and
then ¢yr(—jT £ dpy1) (the (5 + 1)th component of p,) can be approximated as

. . a ur
Bur(=3T £ 1) & bur(~T £ du) & (dnps ) 27y (302)

r

for 0 < j < M — 1. Note that the plus sign applies to the Type [I-DRB case and the minus
sign to the special Type I assumed here (the delay propagates instantaneously through the
adaptive filter delay line). Then, pp41 can be approximated as

Pn+l1 R Pn + (dn+1 - du)i’n- (3'43)

Using the second equation of (3.41), equation (3.43) becomes

Pn+1 ® Pn + 20Re[w1{{pn]i’n (3.44)
and the joint algorithm is then approximately

Wnt1 = (I = 2uR)wp + 2ups
g (3.45)
Pn+1 = pn + 2‘3lRe[Wn Pn]Pn-

The interpretation is that, as dy, is modified, p, moves along a predetermined path (deter-
mined by ¢ur(drn)), changing the location of the performance surface minimum, trying to
reach the point where the adaptive filter does not need to compensate for any delay. This
point is attained when wy, equals R~1p,.

These results give a qualitative description of the convergence behaviour of the joint
SD algorithm, independently of the way the two adaptation processes are alternated (i.e.
they apply to algorithm (3.33), as well as to the algorithms (3.34) and (3.35) with minor
modifications, as long as the special Type I or Type II-DRB structures assumed at the
beginning apply). More rigorous results, that apply to the alternate joint algorithms of
(3.34) and (3.35), are given next.

3.3.1.2 A Condition of Convergence for the Joint Alternate Algorithm

If the adaptation factors g and o are chosen sufficiently small, the process always
reaches a limit point [48]. In what follows, a condition on x4 and a is given, that ensures

convergence of the joint alternate algorithms of (3.34) and (3.35), for both Types of systems.
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This condition is derived in [37] for joint carrier phase acquisition and adaptive equalization,
in digital communications. It is reformulated here for the problem at hand. This condition
is general in that it establishes the stability range for the two adaptation factors such that
the MSE is reduced at each iteration, for both Type I and Type II systems, no matter
how the two adaptive processes are alternated (i.e. data reuse can happen). It is also
important because it confirms that, with the right parameters, the joint SD algorithm
converges eventually to a stationary point. The condition does not strictly apply to the
joint SD algorithm of (3.33), but it gives useful indications about the convergence of this
algorithm as well.

First, assume that the adaptation factors can be time-variant and denote them as y,
and a,. Express the MSE as an explicit function of d, and wyy, i.e. as §{dn,Wq,}. Define
a stationary point of £{dn,Wap} as a solution (dp,w4,) of the necessary condition (3.36).
It is said that £{dn, w4, } converges to a stationary point if, for every € > 0, there is an N
such that

9 2
[Ed_nf{dnswdn}] + [denﬁ{dn,wdn}]H [de,.f{dn,wdn}] <e€ (3'46)
foralln > N.
The decrease in MSE due to the nt? adjustment is denoted by A, and is defined as

Abp = f{dnawdn} - §{dn+17wd(n+1)}- (3-47)

The quantity A&, approaches zero when the partial derivatives of condition (3.36) approach
zero. A stronger statement that may sometimes hold is that “A§, approaches zero only
when the partial derivatives approach zero” [37]. Mathematically, this statement means

that for every ¢ > 0, a § > 0 can be found such that

|An| > 6 (3.48)

P) 2
—E{dmwdn} + [de,,f{dmwdn}]H [de,,f{dn,wdn}] 2 €. (349)
ad
The following lemma is stated and proven in [37].

Lemma. If A§, > 0 for all n and Aé;, approaches zero only when the partial derivatives

approach zero, £, must converge to a stationary point. |

This lemma provides a mean for determining the adaptation factors pu, and ay, since
the MSE will converge to a stationary point if the adaptation factors can be determined
such that A, > 0 for all » and Aé, approaches zero only when the partial derivatives
approach zero. The next proposition establishes the gain factors range for the above lemma

to be true. It is an adaptation of proposition 2 of [37].
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Proposition 3.1. Let the set of positive integers be divided arbitrarily into two disjoint
subsets k1 and kg, each containing an infinite number of positive integers. Let an, = 0 when
n € K1, and pp = 0 when n € k3. Let Apmax(n) be the maximum eigenvalue of the signal
autocorrelation matrix Ry, and 9, the delay value closest to dy, for which {{dn,wg,} is

minimum. The MSE will converge to a stationary point if

1 .o :
0< < sin , 3.50
S Xmax(n) [2(2 [dad] + 1)] (3:50)
for n € K1, and
02 1
0<apn<?2 [a—d%f{ﬂn,wdn}} , (8.51)

for n € k3. In (3.50), the constant § is 1/T in the case of a Type II-DAB adaptive system,

and zero otherwise. The notation [d,é] means “the closest integer larger than d,6”. [ |

Proof: Consider first the condition n € ;. In that case, ap = 0 and dp47 = dp.
This situation corresponds to the usual adaptive filter convergence case, in which the MSE
function &y, is a quadratic surface in the weight vector subspace, with a unique minimum with
respect to wq,. Then, equation (3.50) with § = 0 is the usual condition for convergence,
at iteration n, of the adaptive transversal filter using the SD adaptation algorithm [6].
In the case of a Type II adaptive branch with the delay after the adaptive filter, (3.50)
with § = 1/T is the stability condition for integer delayed adjustments [49]. Since the
performance surface is quadratic, A, approaches zero only when the gradient w.r.t. wy
approaches zero, and the lemma ensures that a stationary point is reached. Note that if
n € k] for M consecutiveiterations, where M is the adaptive filter order, the autocorrelation
matrix and its eigenvalues become time-independent in a Type I adaptive system.

In the other situation where n € k2, up = 0 and the adaptive filter stays stationary.

Then, from (3.5), and for a stationary reference filter

Aéy = Wc{{;(Rn - Rn41)Wdn — 2Re[wdn(Pﬁ = Pn+1)] (3.52)

and the variations of £ w.r.t. d, are function of both the autocorrelation ¢yy(n,n) of the
adaptive filter output and of the cross-correlation function ¢yr(n,n) between this output
and the reference signal. This function is generally multimodal w.r.t. dn (see Section 3.2.1).
It is therefore difficult to give a very precise idea of the delay tracking algorithin without
knowing the actual value of d,. Assuming a Taylor expansion of £, around ¥, the minimum
closest to the actual value of d,, the MSE function evaluated at d,, = ¥y, is constant and

the restricted class analysis of section 3.2.2.1 holds. Then (3.51) results from (3.28), with
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v = é{9n,W4an}, and A, approaches zero only when the derivative of the MSE function
w.r.t. d, approaches zero. ]

This proposition states that, for any Type I or Type II structures, d, and w, may be
adjusted in any alternating fashion, and the MSE will converge to a stationary point if up
satisfies (3.50) during the adjustment of wy, and a, satisfies (3.51) during the adjustment
of d,. The above condition is important because it confirms that, with the right parameters
used in alternation, the MSE is reduced at each iteration and the joint SD algorithm
converges eventually to a stationary point. Therefore, the algorithms of (3.34) and (3.35)
can be used to track the variations of the reference system, if conditions (3.50) and (3.51)
are satisfied. As for the algorithm of (3.33), the conditions of the theorem do not insure

convergence, but they constitute a reference point for the selection of the proper adaptation

constants.

3.3.1.3 Excess Mean Squared Error

The minimum MSE, given a certain value of d,, was defined in (3.39) as £,(dr). Denote
the absolute MMSE as &nin and define it as

€min = fo(Dn)

(3.53)
= ¢rr(0) — p¥ (Dn)R;'p(Da),

where p(Dy,) is the cross-correlation vector evaluated for d, = Dy. Therefore, £y is the
MSE for perfect cancellation or equalization by the joint adaptive structure. In steady-

state conditions, any divergence from this perfect behaviour gives a MSE function greater

or equal to min-

The (5 + 1)t* component of py is given by ¢ur(—jT + dn). Assuming steady-state
conditions, @yr(~jT £ dn) can be approximated closely by the first three terms of its

Taylor series expansion around the value d, = Dy, i.e.

(dn — pn)Z -

bur(—iT £dn) = dur(—=FT £ Dp) +(dn = Dp)pur(~3T £ Dy) + 5

ur ( _j T+D n),

(3.54)
where the dot denotes, as usual, the derivative with respect to d,. Then, expressing it as a
function of dy, the cross-correlation vector can be approximated as

D(dn) ~ P(Da) + (dn ~ Da)p(Dn) + =22V 5p), (3.55)

2
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Using (3.55) in (3.39) gives

£o(dn) =¢rr(0) = 0¥ (Dn)R'p(Dn)
= (dn = Dn)* [Re[ (Du)R7 'p(Dn)] + 57 (Da)R7 (Dn)|
~ 2(dn — Dn)Re[p” (Dn)R;'p(Dn)] + (dn — Dn)*Re[p (Dn)R7" (D))
~ Ya(dn = Dn)*p" (Dn)R5(Ds)-
(3.56)
Assuming that dj is close to Dy, the last two terms of (3.56) can be neglected. Furthermore,
the expression —2Re[pH (D, )R 1p(Dy,)] represents the derivative of £o(dy) evaluated at its

minimum, which is zero. Therefore &,(dy) is approximately given by

£o(dn) 2+ (0) — p (Dn)R;; 1p(Dy)

. - . _1- (3.57)
= (dn = Dn)? [Rep? (Da)R;'B(Da)] + 57 (Dn)R7B(Da)]
and the excess MSE, defined as
€ex = €o(dn) = &mins (3.58)
is 2ol (d 1
R-1p(d
O VI alt G o C.Y T (3.59)
od2
Note that from (3.53),
P (d YR-1p(d .
[P ( 7:9)(1211. p( n)]ldn=Dn - "'fmin' (360)
n
Combining the results of (3.59) and (3.60), the excess MSE is
Eex % Vo(dn = Dn)*émin. (3.61)

Note that if the joint algorithm has converged near a local solution d;, = 9, then the excess

MSE from that local minimum is given by

& = 1a(dn — 9n) {0, wlhy}, (3.62)
where
wept = Ry 1p(dn). (3.63)

The possibility of an excess MSE can be explained heuristically in the following way. For
a finite-length adaptive filter of order M, the weight vector subspace is of dimension M. The
delay subspace is always one-dimensional, irrespective of the value M. The adaptive filter

attempts to model a time delay by shifting in time its weights by a corresponding amount. In
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order to perform this operation without MSE increase, the weight vector subspace dimension
has also to be increased by the same amount. If it is not, the adaptive filter algorithm seeks
a compromise, within the fixed weight vector subspace, between reference filter modelling
and delay modelling. This vector space view shows the inefficiency of the adaptive filter,
in term of delay modelling, since the filter attempts to model a one-dimensional parameter

(the delay) with a multi-dimensional component (the time shift in the weight vector).
3.3.1.4 Discussion

The convergence of the joint SD algorithm is not easy to characterize. By specializing
the study to two special classes of adaptive systems, the convergence can be studied in
qualitative terms. In these classes of systems, the only delay-dependent term is the cross-
correlation function given by ¢yr(n,n) = wip,. The joint algorithm is then transformed
to the one of (3.45). In this case the MSE function, as expressed in the adaptive weight
vector subspace, is constant in shape (because the autocorrelation matrix is constant). The
joint adaptive algorithm is such that the instantaneous MSE moves on the surface of the
“bowl-shaped” MSE function, according to the adaptive weight vector, and the minimum
of this bowl is modified, according to the delay d, (since p, is function of this delay). The
adaptive process converges when the first equation of (3.37}) is verified.

As for the condition of convergence of the joint alternate algorithm given in Proposi-
tion 3.1, it provides some indications about the parameters that play a role in the joint
algorithm convergence. In particular, if the MSE is close to its global minimum, the con-
vergence bound for ay, is 2/€myi,. This second derivative influences also the excess MSE, as

shown in the previous subsection.

3.3.2 The Delay Tracking Properties of the Algorithm

The delay tracking properties of the joint SD algorithm are specifically studied in this
subsection, with a special attention given to the cancellation and equalization structures in
both Type I and Type II mode. The MSE function, for these configurations, is first con-
sidered. Then the SD delay tracking algorithm, as a constituent of the joint SD algorithm,
is studied in details. The tracking mode assumption implies that both the reference filter

h(n) and the reference delay D, are varying slowly.
3.3.2.1 The MSE Function for Specific Structures

In order to specify the MSE function for specific structures, the expressions of (3.12)

to (3.14) are used with the proper value for u(n) and r(n) defined as in Figs. 2.6 and 2.7.

- 43 -



Therefore, u(n) = y1(n) and r(n) = yz(n) in cancellation configuration, while the inverse is
.true for the equalization configuration. Using the mathematical model of (3.1) and recalling
that the noise processes are uncorrelated with every other signal, the following expressions

for &5, in cancellation configuration are obtained.

Cancellation Configuration-Type I (delay before filter)

C - . .
f,(l ) =Py, (1, 0) + E E Wy i Wiy, g (JT — 1T + dpj — dp—y)
LI

— 2Re[Y Y wiih® (§)ss(ST = iT + Dy = dy)].
iy

(3.64)

Cancellation Configuration-Type II-DAB (delay after filter in adaptive branch)

51(10) =yayz(non) + Z Z w(*nT—dn)iw(nT—dn)jd)ylyl(jT -1T)
U

- 2Re[§: Z Wl _ga)ih" (1)ss(GT = iT + Dy — dn)).
L

(3.65)

Cancellation Configuration-Type II-DRB (delay after filter in reference branch)

For the alternate Type Il structure of Fig. 3.2, the MSE function is

60 =04an (0T = duynT = dn) + 3 3 W} w00y, (T ~ iT)
P (3.66)
—2Re[Y Y whih*(§)es(5T — iT + Dn + dn)]-
L
Similar expressions are obtained for the equalization configurations.
In tracking mode, it is assumed that the adaptive filter has fully adapted to the charac-
teristics of h(n) and is at least as long as the impulse response h(n). For high signal-to-noise

ratios, the itk adaptive filter coefficients wy;, at iteration n, is approximately of the form

w (3.67)

.
ns ~

. { h(?) System identification (cancellation)

h~1(4) Inverse filtering (equalization),

where h(i) is the i** weight of the reference path filter, and is constant. In delay tracking

mode, the only part of £, that is of importance is the delay-dependent one. Define this
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quantity as vp. Then, from (3.64) to (3.66),

i = 3N MDY by (GT — 1T + dnj = dp i)
i

—2Re Z Z h(i)h*(§)bss(§T — iT + Dp—j — dn_i)] Typel (3.68)

1 J
Vr(zC'H) = —9Re th(3)¢”(_£T + D, + dn)] Type II (3.69)
L ¢

P = —2Re |5 AT 0)h()bes(—iT = iT = Dy_j % dn)} Typel (3.70)
75

ABAD) YN AT ORI bypyo (GT = iT + dpj = dni)
i

—2Re | Y > k7Y (i)h(j)pes(—3T = iT ~ Dp — dn_n] Type I, (3.71)
t ]

where pp, (k) is the deterministic autocorrelation of the reference filter impulse response and

is defined as

pu(k) = Z h(k + i)h*(3). (3.72)

Note that in expressions (3.69) and (3.70), the plus sign in front of d,, applies when the
adaptive delay is transferred in the reference branch.

It is interesting to compare the above delay-dependent terms, especially when it is
assumed that the reference delay D, varies slowly. In this case, it can be assumed that
both D, and d, are approximately constant over M samples (the filter time span), i.e. in
both the reference and the adaptive filter delay lines, all the samples are approximately

influenced by a constant delay. Then, the type of structure does not affect v,, which is now

of the form
KO x —2Re |57 pa(O)dss(~LT + Dn £ dn) (3.73)
£
B ~ —2Re[des(Dn F dn)). (3.74)

Comparing (3.73) and (3.74), it is noticed that the cancellation configuration is influenced by
the form of both the deterministic autocorrelation pp(n) and the input signal autocorrelation
$3s(7), while the equalization configuration is a function of only ¢4s(7). Since ¢yq(T)
exhibits a maximum at r = 0, u,(,E) has a global minimum at d, = £D5. In the cancellation

scenario, the characteristics of the delay tracking loop are functions of the reference filter
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h(n), but because of the definition of py(n), there is a single global minimum corresponding
to dn = FDp, (pp(n) has a maximum at n = 0). The two expressions of (3.73) and (3.74)

are used next to characterize the SD descent delay tracking algorithm.

3.3.2.2 The SD Delay Tracking Algorithm

The results obtained in Subsection 3.2.2 are utilized in the following, in order to analyse
the delay tracking portion of the joint SD algorithm. Therefore, yn(dr) = &, and 0, = Dy,
for the cancellation configuration and ©, = — Dy, for the equalization structure. It is also
assumed that the adaptive filter has fully adapted to the time-invariant reference impulse
response h(n), and that d, = £D,. Because of this assumption, the error is minimum and
the corresponding MSE is equal to the MMSE £pin (see Subsection 3.3.1.3). Then &, = £qin
and is constant with time, which allows the use of the results of Subsection 3.2.2.1. Making

use of (3.28) and (3.29), the stability range for a is

0 < & < 2/€min, (3.75)

and the time constant of delay adaptation is

1

(3.76)

Tdel = -
aSmin

Tighter or more explicit bounds for & can be easily obtained for particular cases.

Bounds in High Signal-to-Noise Ratios Conditions

The derivative of a bandlimited continuous-time signal can be obtained from the samples

of that signal by using a wideband differentiator with frequency response given by [50]
Hgg(e®) =ju/T -x<w<m. (3.77)

Then, for the cancellation configuration, Q)Bg,f)(n,n) can be expressed in the frequency do-
main, with d, = d and D, = D, as (see equation (3.73))

x . . .
) (n,n) ~ -ﬁlﬁ / w2 H(e1¥)|2e~1w(d£D)/T g (e7%) g, (3.78)
-

where H(e/*) is the transfer function of the reference filter and ®,4(e%) is the power
spectral density of the signal s(n).
Defining the maximum value of the input signal power spectral density ®,,(eJ%) as

®max, the cross-correlation function is, when d = ¥D,

o Qmax T
H(n,n) < 22X

5eT? | —w2 H (/)| dw. (3.79)
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But .
o7 T2 / w?|H(e)dw = p}(0), (3.80)

where the prime denotes the derivative with respect to the continuous-time correlation

argument. Then

¢yr)(n n) < ‘I’maxP ,(0). (3.81)

Noting that, for slowly varying delays, £min = —2Re[¢yr (n,n)], (3.75) becomes
-1
I<a< o= Cancellation.

PmaxRelp"(0))

Using the same type of development for equalization, (3.75) becomes
2
0<a< T 7 Equalization.
Prmax™

The following proposition has therefore been established.

Proposition 3.2. In tracking mode and in high signal-to-noise ratios conditions, a sufficient

range of convergence for the delay gain factor is
-1

0<a< —m— 3.82
Frnae Rl 0] (552
for the cancellation configuration and
372
0 .
<a<zg—y (3.83)
for the equalization configuration. " n

Bounds for White Signals

Assume that the input signal and the noise signals are white with respective power

spectral densities ¥4, o ,,1 and 02 Then, it can be shown that the optimum impulse

response of the adaptive filter, in steady-state conditions, is
QSS

®ss + 02,

21 J_x |H(e79%)[284 + 0'31

where a noncausal system, with an infinite impulse response, is assumed for the equalization

*(n) Cancellation

wopt(n) = (3.84)

Equalization,

case. Then, using a development analog to the high SNR one, the following double derivative

for the cross-correlation functions are of the form

QZ
B () = g2 R0 (3.85)
2 L wy|2
e 2 |H(Y)]
(nyn) = 5 T2 / 1 H(eiwn?@,ﬁa?,ldw' (3.86)

The bound of (3.75) can then be written with Emin = —2Re[$yr(n,n)]. Note that these

bounds for white signals reduce to the previous ones if the signal-to-noise ratios are high.
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Relation Between the Adaptive Delay and the Adaptive Filtering Processes

In general, it is desired that the compensation for the reference delay, in the adaptive
branch, be performed by the adaptive delay element alone. Since the adaptive filter can
potentially adapt to the reference delay, the time constant of adaptation of the delay element
should be smaller than the time constant for the adaptive filter. The time constant ; of
the j** mode of adaptation of the normalized adaptive filter weight vector is [7],

1
.

e (3.87)

where A; is the jth eigenvalue of the input signal autocorrelation matrix R.
The adaptation time constant of the j** mode of the MSE function, as a function of

the adaptive weight vector, is

T; 1
(Tmse)j & _2]' = 4_'[‘—)‘7, (3.88)

i.e. the MSE function converges twice as fast as the adaptive weight vector when the delay

element is assumed fixed. The fastest influence of the adaptive filter on the MSE curve

therefore has the time constant

1
4ﬂ/\max .

(Tmse)min &

(3.89)

A speed of convergence constraint can be applied on the adaptive filter, in order to restrict
the influence of any reference delay variations on its behaviour, i.e. the condition that the
adaptive delay time constant should be much smaller than (Tmse )min is imposed. Assuming

that the adaptive delay element settles down after 5 time constants, an upper bound on

Tdel 18

Tdel < (Tmsg)min
or, using equation (3.89),

1

Tdel < =———. 3.90

% < Dphman (350)
Equations (3.76) and (3.90) give a lower bound on the delay adaptation factor «, i.e.

WpAmax o, _ (3.91)

€min

This gives a relation between the adaptation factors, u and a, of the coupled processes,
when the constraint is applied. Equations (3.82) and (3.83) can be combined with (3.91) in

order to obtain the following proposition.
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Proposition 3.3. Assuming that the adaptive delay element has a time constant five times
smaller than the time constant of the fastest adaptive filter mode of adaptation, then the

delay element gain factor satisfies the following conditions
20”Amax a —1

<a< ———070 Cancellation 3.92)
Emin DmaxRelp} (0)] (
and \ )
20
ZhImax 4 < S Equalization. (3.93)
&min DmaxT
|

Adaptive Delay Response to a Reference Delay Step

The use of the linearized version of the adaptive delay equation (equation (3.25), with
Yn = &n) assumes implicitly that the main lobe of the MSE function (the main lobe is
defined as the region between the two inflexion points, U; and Us, located on each side
of the global maximum at d, = Dy) can be closely approximated by a quadratic function
of dn (i.e. the higher terms in (3.21) are neglected). In addition to the fact that this
approximation becomes worse as d, gets further away from D,, it is also limited by the
width of the main lobe of the MSE function. The main lobe has a width defined as |U; — Us|
and, assuming that the adaptive delay element tracks perfectly D,,, the maximum allowable
input delay step is
max = — (3.94)
since, for slowly varying delays, the MSE function is symmetric with respect to D, (see
equations (3.73) and (3.74)). If Amax is larger than the main lobe width, the adaptive delay
is likely to converge to a local minimum of the MSE function. In general, the main lobe
width a is function of both the reference filter and the input signal autocorrelation function,
as shown in (3.73). Assume that 44(e/“) is white with unit variance and that the reference

filter is an ideal lowpass filter, i.e.

, 1 -t w<lT
H(eY) = (3.95)
0 otherwise. '
Then, from (3.73), the delay-dependent part of the MSE function is
y= 2L [T miuld-D)T g,
T J-x
3.96
_ _2Tsin1r(D—d)/T (3.96)
- 7(D - d)

for which the main lobe is symmetric and approximately 2 samples wide. For a coloured
input and a non-flat filter, the main lobe is likely to be of larger width, and the following

proposition has been established.
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Proposition 3.4. For any type of configuration in tracking mode and for slowly varying
delays, a conservative upper bound on the maximum allowable instantaneous reference

delay deviation is on the order of one sample (or T seconds). u

In order to see the effect of a delay step on the adaptive delay, assume that at iteration
n = 0, a constant delay of A samples is applied in excess of Dy, i.e. the reference delay D,
is
Do=Dg+ A

for 0 < n. Assume also that A is lower than one, and that (3.92) or (3.93) are satisfied. The
adaptive delay value, in excess of Dy, is given in (3.27), with 5 = £, and O,_y_; = A,

ie.
n—1

dn = (1 - O“émin)nDO + O‘Aémin Z(l - aémin)e' (3.97)
£=0

Equation (3.97) can be written as

1 - (1 ~ &bpin)”

dn = (1 — afmin)" Do + aAfy;
n min min aémin (3-98)

= (1 - aémin)™(Do ~ A) + A,
which, if the algorithm converges, tends toward d, = A when n — .
In summary, the response of the joint SD algorithm with linearized delay equation,
when the time constant of delay adaptation is much smaller than the time constant of the
filter adaptation, is such that the delay element compensates completely for the delay step,

after a transient period.

Adaptive Delay Response to a Reference Delay Ramp
The reference delay is assumed to be of the form
Dj =Dy + An 0<n,

where A is the slope of the delay ramp, in samples/sample.
Assuming that conditions (3.92) or (3.93) are satisfied, an analysis similar to the one

given for the delay step shows that, after a transient period, the delay element value is

des = An — A — AL~ %min) (3.99))
{min
and lags the input by
lag = —2—. (3.100)
@& min
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Using (3.76) in (3.100) gives
lag = Aryq. (3.101)

This lag error constitutes the residual error that the delay element cannot cope with.
It appears as a constant delay at the input of the adaptive filter and can therefore be
compensated for by the filter, after a transient period t,

The maximum allowable slope in the input delay is dictated by the width of the main
lobe of the MSE function. In order to allow continuous tracking of the input, the delay
element lag error must be smaller than the maximum allowable input delay step, defined in
(3.94), i.e.

lag < Amax

or
A Uy -U
A NG -Tf
€min 2

The slope of the input ramp must also be such that the delay change occurring over one

(3.102)

Sa.mple is less than Amax, i.e. such that
< L.l____-l'

A 1

> (3.103)
The following proposition is then established.
Proposition 3.5. An upper bound on the maximum allowable input slope is

v U+ =T . .
4 ‘3"Emin|_1§'_2| if afmin < 1 (3.104)
< .
1U1 = Ul

) if 1< aémim

From the conservative upper bound derived in Proposition 3.4, a conservative upper bound

on the slope is

af if afpin < 1
A<{ fmm &mm (3'105),

1 if 1< ofmin

|

Note that these bounds can be very loose. This is so because they make use of the
maximum allowable input step (Amax) to bound the input change over one sample. Since the
adaptive delay algorithm does not allow for a perfect correction in a one sample time, further
input change by Apax will bring the adaptive loop out of its tracking range. Therefore, the
bound of (3.104) can correspond sometimes only to a gross indication of the value of the

input slope.

! Note that if the adaptive delay element were not present, the adaptive filter would face a nonstationary
delay, which would produce an excess MSE that increases with time. The combination of the adaptive
delay and the adaptive filter results in a fixed excess MSE.
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Adaptive Delay Response to a Sinusoidally Changing Reference Delay
Assume that the reference delay is of the form
Dy, = Dy + Asin(27n/P) 0<mn,

where A is the waveform amplitude and P is its period, both expressed in samples. Assume
again that conditions (3.92) or (3.93) are satisfied.
With D, = Asin(2xn/P), the linearized delay equation becomes

dnt1 = (1 — abpin)dn + a A pip sin(2xn/ P). (3.106)
After some manipulations, the solution is

dy = aApin sin(2r/ P){2| K| cos[2m(n — 1)/ P+ 0] + Ko(1 — af i)~ 30s(n = 1) (3.107)

where .
( didhd 3.108
' 25sin(2n/ PP — (1 - amin) (3:108)
Ky = . (1 = amin) : (3.109)
(1 - pin)? = 2(1 ~ abmin) cos2r/P + 1
the variable @ is the phase of Ky and Us(n) is the unit step function defined as
0 n<0
Us(n) = (3.110)
1 0<n
Equation (3.107) shows that after a transition period, the steady-state delay is
dss = 20 A iy sin(27/ P)| Ky | cos[2x(n — 1)/ P + 6). (3.111)

Using (3.108) and (3.111), the magnitude of this sinusoidal waveform is
I = 20 A iq sin(27 ) P)| K|

_ obpin A - (3.112)
727/ P 4 by — 1]

If P is assumed large, compared to the time constant 7y, the denominator of (3.112) is
approximately equal to aEmin and I = A. The steady-state delay solution is then
dss = Acos(2m(n - 1)/P + 6] (3.113)
=~ Asin2rn/P + 0+ 7/2 - 2%/ P).
Therefore, if (3.92) or (3.93) are satisfied, the delay element follows closely the reference
delay, with a phase lag (2r/P — 7 /2 — ) and a slightly smaller amplitude. The steady-state
difference between Dy, and dy, is sinusoidal and influences the adaptive filter behaviour. In

steady-state, the adaptive filter coefficients therefore vary sinusoidally.
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3.3.2.3 Discussion

Recall the main assumptions used in Subsection 3.3.2 for the study of the delay tracking
properties of the joint SD algorithm:

1. The signal-to-noise ratios are often assumed high enough such that the adaptive filter
Wiener solution is approximately equal to the reference filter h(n) or its inverse.

2. The adaptive filter has fully adapted to the Wiener solution.

3. The delays Dy and d, vary slowly such that the samples across any filter delay line
are affected by the same delay.

4. The reference filter is time-invariant.

5. The second derivative of the MSE function, when evaluated at d, = Dy, is constant
and equal to &nip-

6. The adaptive filter time constant of adaptation is much smaller than the adaptive
delay time constant.

The first and second assumptions were essentially used to simplify the study of the delay
tracking algorithm. The first one is not necessarily true in practice, but it simplifies the
analysis and gives useful results. The second assumption is justified, since one is interested
primarily in perfect delay tracking, which happens when the Wiener solution is attained.
The results obtained using this assumption, essentially the restricted convergence ranges of
Proposition 3.2, are therefore significantly useful in the application of the delay tracking
algorithm. The third and fourth assumptions are also used for the sake of simplicity and are
not necessarily true in practice. In particular, the function of the adaptive filter is to track
the variations of the reference filter. When this happens, assumption 5 is hardly justified
and assumption 6 limits the tracking ability of the adaptive filter. But when the reference
filter variations are slow, compared to the reference delay variations, h(n) is quasi-stationary
over a limited period of time, and both assumptions 5 and 6 are justified. In fact, the last
three assumptions are intimately linked, since practical considerations justify assumption 6,
which itself supports assumptions 4 and 5.

In practice, the adaptive filter is expected to compensate for some of the reference delay
variations. But the effect of these compensations, in the adaptive delay vector space, is to
change the minimum location, without affecting significantly the second derivative of £, at
this minimum. The results obtained with assumption 5 are therefore of importance, since
assumption 6 should be met in practice.

A major problem could nevertheless happens in the case of a practical finite-length

adaptive filter. In this case, the joint algorithm could converge to a stationary solution for
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which the MSE is higher than the optimum that could be achieved if the adaptive delay dy,
models perfectly Dy, (i.e. the excess MSE is nonzero). This could be so because, if dp, # Dy,
the adaptive filter converges to a solution where the optimum weight vector is shifted, in
order to compensate for delay difference, and modified to obtain the MMSE corresponding
to this shift. If the adaptive filter is of infinite length and noncausal, all such solutions reach
the same MMSE, but if the filter length is limited, so is its modelling capability and the
MMSE is then at least as large as for the optimum solution. The difference between the
MMSE and the actual MSE is the excess MSE, as defined in Subsection 3.3.1.3.

3.4 Application of the Joint SD Algorithm

In this section, the results derived for the SD delay tracking algorithm are specialized
to some specific cases. The application of the algorithm, for the tracking of the reference
branch variations, is governed mainly by four expressions. These equations are (3.50),
(3.75), (3.76) and (3.61) and are reproduced next.

0<p<—0t ﬂn[ ul ]
) 2@ + D
0< a<2/Emin
1
0 min

fex 1/2(dn - Dn)zémin-

Tdel &

3.4.1 The Function £y, in Cancellation Configuration

The function £y, is examined in some detail in this subsection, since it is used in every
expression of importance in the SD delay tracking algorithm. The investigation is limited
to real signals and systems in cancellation configuration.

From (3.73), (3.74) and (3.78), £pin is given by (for the high signal-to-noise ratio case) ¥

x . .
B~ ?:1r_2 / W2 H (1) (20 (7 ) dov. (3.114)
-

For white input and noise processes, £y is of the form

2 o Qgs /r w2|H(ef“’)|2dw
min (Q33+0',2,1)1\'T2 -

- —-2@3,;)’;:(0)
B Py +031 '

(3.115)

t  This equation applies to both the cancellation and the equalization scenarios. For the latter one,

H(e’?) is simply taken to be unity for —xr < w < x.
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If the reference branch signal-to-noise ratio is high enough, note that the integral of (3.114)
is approximately equal to —2¢/, (0), where the prime denotes the derivative with respect to

the correlation argument. In this case,

Dy + 02, (3.116)

. —-—&S—QS'T'T(O) White processes
Emin &
-2¢7.(0) High SNR’s.

The quantity £y, can be approximated by different numerical methods {51]. A simple,
although not very reliable one, is obtained by differentiating twice Stirling’s formula for
polynomial approximation of the function ¢,,(7). This gives

4@33 ¢rr(0) - ¢r'r(k)
D45 + 0'31 k2 ’

(3.117)

Emin ~
for a small constant k.

Bandlimited Reference filter

Assume that the reference filter is limited to the range —w; < w < w;. Then, because
the function w? is positive and because of the real system assumption, (3.114) can be
transformed, using the mean value theorem, to

€mi z—l—/w WP | H(e79)2® 5 (e/ )dw

min 7rT2 —y 88
_ 2Bw?
T onT?

(3.118)

w1 . .
/ H ()28 4y (),
0

and (3.115) to \
bin = q,ji‘”fz’); [
2 2
= ((pi@ffgl)]ﬂ pr(0)
2,2
< ﬁ%ﬂh(o),

where B is a real constant between zero and one. For a large reference branch signal-to-noise

(3.119)

ratio B2
A 2@38 wl
€min = 75— 573 9rr(0)
L' 2 T2
( ’;; ":12) (3.120)
<31 .
 (Rss + 031)T2 ¢ (0)
Note that, from (3.115) and (3.119),
2N
g="1r0 (3.121)

T wip(0)
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and for large reference branch signal-to-noise ratios

—T2q5 (0

B~
Wy ¢rr(0)

(3.122)

3.4.2 Discussion

The results of Subsection 3.4.1 can be used in practice, for determining the gain factor
«, the time constant 73] and the excess MSE £ex. For a high reference branch signal-to-noise
ratio, £qin can be approximated directly, using (3.117), by measuring the reference signal
power and its autocorrelation at a small lag. The quantity can also be upper-bound by the
value 20,724, (0)/(Pss + 02 )T2 obtained with w; = 7 in (3.120). Equations (3.118) to
(3.120) also show that £y, is proportional to the reference filter bandwidth, to the input
signal power and to p;(0). Therefore, these three parameters limit both the gain factor and
the time constant, and increase the excess MSE. This is illustrated in Table 3.1, where

means proportional to and (x)~! denotes inversely proportional to.
prop

Qmax Tdel €ex
g | ()| ()| x
wi ()7 ()]
pr(0) | ()™t | ()7 | «

Table 3.1 Critical parameters in the joint SD algorithm

3.5 Summary

Joint time delay estimation and adaptive MMSE filtering, using the steepest-descent
algorithm, has been studied in detail in this chapter. The MSE function was shown to
be dependent on the form of the joint structure, and the evolution of the joint algorithm
estimates was investigated qualitatively. The conditions of convergence of the joint SD
algorithm were investigated, when the adaptive delay element and the adaptive filter are
adapted alternatively. The excess MSE was derived, in order to express how well the joint

algorithm tracks the optimum solution. When the reference delay is assumed to evolve
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slowly, the adaptive delay adaptation factor and time constant are shown to be inversely
proportional to the second derivative of the MMSE. Some bounds on the reference delay
variations were derived, in order to allow proper delay tracking. Finally, some details were
given about the practical application of the joint SD algorithm. The material presented
in this chapter shows the possibilities and limitations of the joint time delay estimation
and adaptive filtering algorithm based on the MMSE criterion, when a steepest-descent
algorithm is used. It is useful in the design of more practical algorithms in which the
gradient and derivative have to be estimated, and is of importance in the application of the

joint LMS algorithm presented in the next chapter.
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Joint Time Delay Estimation and Adaptive
Chapter 4 Minimum Mean Squared Error Filtering:
The Joint Least-Mean-Square Algorithm

4.1 Introduction

In order to implement the joint steepest-descent algorithm presented in the previous
chapter, the MSE gradient with respect to the adaptive weight vector and the MSE deriva-
tive with respect to the adaptive delay both have to be estimated. This can be accomplished
in various ways, in particular by approximating the derivatives with difference equations
[6], or by approximating the MSE function £, = E[|e(n)|?] with the instantaneous squared
error 7, = |e(n)|?, and by applying the SD algorithm. This last option corresponds to the
least-mean-square (LMS) algorithm {10] and is the subject of this chapter.

Consider a cancellation configuration. In order to derive the LMS algorithm, rewrite
the error in equation (3.2) as e(n,dy), where the dependence on the delay estimate is
denoted explicitly. In a Type I adaptive system, it is assumed that the delay d, propagates

instantaneously into the adaptive filter delay line and the error can be expressed as
e(n,dy) =r(n) - y(n,d;)  Typel, (4.1)
where the adaptive branch output y(n,dy) is defined as
y(n,d,) = w,{’u(nT ~dyg), (4.2)

and w(nT —dy) is the delayed vector of input samples defined in equation (3.9). In a Typell

structure, the adaptive delay can be located in either the adaptive branch or the reference
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branch and the error can take two forms. If the delay element is in the adaptive branch,

the error is defined as
e(n,dp) = r(n) — y(nT — dn) Type II-DAB, (4.3)
where
y(nT - dy) = wa_dn u(nT - dy). (4.4)
If the delay is in the reference branch, the error is
e(n,dy) = r(nT -~ dy) — y(n) Type II-DRB. (4.5)
In the adaptive weight vector subspace, it is well known that the LMS algorithm is
given by
Wntl = Wn + 2pue*(n, dp)u,, (4.6)
where u, is the vector of delayed input samples, defined in equations (3.8) or (3.9), and

the error e(n,dy) is any of the errors in (4.1) to (4.5). In the adaptive delay subspace, the

derivative estimate is given by

—2Re [e*(n, dn)aigzd—’d—")] Type I
n
. 2 -
Vi, én é M ={ —2Re e*(n,dn)M Type II-DAB (4.7)
adn adn
2Re [e*(n, dn)%ﬂ] Type II-DRB,
\ n

corresponding to the three cases considered previously. The LMS adaptive delay algorithm
is obtained by using the result of (4.7) in the SD adaptive delay algorithm, defined in
equation (3.31).
The purpose of this chapter is to study the behaviour of the three forms of the joint
LMS algorithm, defined by
Wptl = Wp + Q;fe*(n,dn)un (48)
dnt1 = dn — avg,n,
where (4.7) is used to define the derivative estimate. The only type of algorithm considered
is the one corresponding to equation (3.33). In order not to obscure more than necessary
the derivations, all signals and systems will be considered real in the analyses.
This chapter is mainly theoretical and addresses mostly the behaviour of the joint LMS

algorithm in steady-state conditions. The convergence of the algorithm, from arbitrary
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conditions, is considered first in Section 4.2. The analysis of the joint algorithm, in steady-
state conditions, is performed in Section 4.3 for the Type I and the Type II (DAB and DRB)
adaptive systems in cancellation configuration. The analyses presented in this section are
for convergence in the mean and in the mean square, of both estimates d, and w,. The
excess MSE and misadjustment are also considered for the three algorithms. A discussion
of the results of Section 4.3 is then presented in Section 4.4 and their application in some

special cases is considered in Section 4.5.

The main contributions of this chapter are the generalizations of LMS time delay esti-
mation, and the extension of LMS adaptive filtering to the situation where the filter input
signal and the reference signal experience different sampling rates. New results are derived
about the convergence, in the mean ahd the mean square, of the two portions of the joint

algorithm, as well as about the excess MSE and the misadjustment of the joint algorithm.

4.2 Convergence of the Joint LMS Algorithm Using the ODE Method

The convergence study of recursive stochastic algorithms is a difficult task and has been
only partially successful. One type of algorithm has been analyséd in some depth by Ljung
[52] and is of the form

8(n + 1) = 8(n) + 7(n)R™L(n)p(n)e(n), (4.9)

where 8(n) denotes the vector estimate at iteration n, 4(n) denotes a matrix gain sequence,
#¥(n) is a regression vector (a data vector indicating a gradient search direction) and €(n)
represents an estimation error. The joinf algorithm (4.9) is equivalent to (4.8) with the

following definitions

8(n) = [wn (4.10)
dn

y(n) = [“0" O?n] (4.11)

R(n) =1 (4.12)

€(n) = e(n,dy). (4.13)
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and

[ [ 2u(nT - dn) | o
ype
 29(n,dn) ]
[ 2u(nT — dy)
¥(n) = ﬁ 1 Type II-DAB (4.14)
L 2?'/('nT - dn) ]
[ 2u(n)
Type II-DRB.
\ | = 27(nT - dn)

Note that it is explicitly assumed that the adaptation factors pp, and a, are function of

time.

The matrix R(n) in (4.9) allows for the possibility of a Newton step, in which case R(n)

is chosen as (53]
R(n + 1) = R(n) + y(n + D¥(n + YT (n + 1) — R(n)]. (4.15)

Ljung proposes in [52] an approach that relies on relating the asymptotic trajectories of the
algorithm of (4.9) and (4.15) to the solutions of a system of ordinary differential equations

(ODE), when the gain matrix is of the form

y(n) = [16" 1‘/’n] . (4.16)

This form of the gain matrix is restrictive since it corresponds to infinite memory for the
adaptive algorithm, and therefore does not allow the tracking of time-varying parameters.
But the application of Ljung’s approach is nevertheless instructive since it relates formally
the joint LMS algorithm to the joint steepest-descent algorithm.

A heuristic discussion about the method, based on the material presented in [53] and
[4], is given in Appendix B. The method has been called the ODE approach and is used

here to assess the convergence of the joint LMS algorithm. Define

fl8p(7)] = E[g(n)e(n, ds)] (4.17)

and
Gl#p(r)] = El¥(n)¢" (n)], (4.18)
where @p(7) is the mapping of &(n), using the following transformation

n

=Y 1/k, , (4.19)

k=1
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and the expected value is taken over the input random variables. Then, the associated ODE
is [4]

Eo(D) - g=1(7) flop(r)
dRT (4.20)
D)~ lop(r] - RO,

The following theorems are given in [53] and proven in [52].

Theorem 4.1. Let D; denote the stability domain for 8(n) such that the dynamical systems
giving rise to Y(n) and €(n) are stable. Subject to the boundedness conditions @(n) € D,
and |¥(n)| < C infinitely often a.s., where C is a random variable, and to the Lyapunov
condition requiring the existence of a positive twice differentiable function V whose time

derivative along the solutions of (4.20) satisfies

% <0, for 6pe Ds, R>0 (4.21)
then either (i)
nleoo 0(n)e D, w.p.l (4.22)
where
av
Dc=146p,R|0p € D87E1T =0, (4.23)
or (ii) {8(n)} has a cluster point on the boundary of Ds. ]

Theorem 4.2. The trajectories of the ODE (4.20) are the asymptotic paths of the estimates
generated by the algorithm of (4.9) and (4.15). |

Consider (4.13) and (4.14) for a certain value 8. Then, from (4.17), and for a Type I

system

[ 2E[u(nT - dp)e(n,dy))
f(8)=

| 2E[§(n, dn)e(n, dn)]

[ — Vwé
I I
od
= - Vo f

The same result is obtained for the two other forms of (4.14). Considering the MSE function

(4.24)

as a function of @p(7), its derivative with respect to 7 is

d§(0£(r)) _ V0€(0)|0=01)(r) d03£r)
= - fT(8p(r)) f(8p(7)) (4.25)

= =|f(@p(7)P,
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where (4.20) and (4.24) were used and R(n) =L

Assuming that the observed signals are generated by stable dynamical systéms and
that the boundedness conditions of Theorem 4.1 are satisfied (if they are not satisfied,
the algorithm is not of practical interest), then the function V' can be taken to be the
MSE function since its time derivative is given by (4.25) and is negative. Therefore, from
Theorems 4.1 and 4.2, the vector 8(n) converges to locally stable stationary points of the
MSE function, since f(8p(r)) has to be of squared magnitude zero when 6(n) € D, which,
from (4.24), is true only when the necessary condition of (3.36) of Chapter 3 is respected.

Therefore, by using the ODE method, it is shown that when the adaptation factors u,
and oy, both tend to zero, the joint LMS algorithm converges to a local minimum of the MSE
function, like the exact version of the joint steepest-descent algorithm. This result, even if
it does not apply directly to algorithm (4.8), is important by itself since it shows that if the
adaptation factors are chosen sufficiently small, the estimates produced by the algorithm
will be, on average, close to a stable stationary point of the MSE function. Furthermore,
the above result shows that if the gain factors are constant but small, convergence cannot
be attained in the sense that there exists an integer N such that 8(n +1) = 8(n) for N < n,
but the difference between the parameter estimate and a stable stationary point will be
small as n becomes large and can be made smaller by decreasing the gain factors.

Therefore, the ODE method, although applicable in a restrictive context, can justify,
at least partially, the assumption of convergence of the joint LMS algorithm to sclutions

close to those of the joint steepest-descent algorithm.

4.3 Analysis of the Joint LMS Algorithm in Steady-State

The quality of the joint LMS algorithm can be studied by considering the quality of
the two estimates that it generates. The delay and weight vector estimates being random
variables, the joint algorithm can be analysed in terms of convergence in the mean and
in the mean square of either estimate. Because of the coupling between the two adaptive
processes, the gradient noise will affect the delay tracking and the derivative noise will itself
influence the adaptive filter. These mutual effects can be included in the delay variance and
weight noise vector correlation matrix, in steady-state conditions. The bounds for p and «
will be determined, for both types of convergence, and for the three forms of joint algorithms
defined by (4.7) and (4.8). In every case, the analysis of the delay estimator is performed
first. Then the weight vector estimator is considered and finally the two analyses are

combined together, to obtain some misadjustment expressions for the joint LMS algorithm.
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Such a separation of the analysis is artificial, but it allows the determination of tractable
results.

In the course of the analyses, in addition to the general real signals and systems as-

sumption mentioned in the introduction, the following assumptions are used:

1.

The input and noise signals are zero-mean Gaussian random processes. The noise
signals are also assumed to be white noise processes.

The adaptive system is in steady-state and the reference system is stationary, i.e. the
reference delay is constant at D, = D and the reference filter is also fixed in time.

Independence theory holds, i.e. the zero-mean input data vectors are uncorrelated
with each other and with r(k). Then

Efu(n)ul(k)]=0 for k=0,1,...,n—1
E[u(n)r(k)j=0 for k=0,1,...,n— 1.

The terminology independence theory is common in the analysis of adaptive algo-
rithms (see (7] for example).

(4.26)

In steady-state, the adaptive weight vector w, can be expressed as
Wn = Wopt + 1 (4.27)
where Wopt is the optimum Weiner solution given by

Wopt = R 'pnlg,=p (4.28)

and 7, is a noise weight vector.

In the analysis of the delay estimator, the vector 5, is a zero-mean Gaussian vector,
uncorrelated with the data vectors (because of (4.26)) and such that

Elnin;] =0 for i # 7. (4.29)
The noise vector correlation matrix, defined as
Ky = E[fan), (4.30)

is therefore diagonal with the values E[p?(n)] on the main diagonal.

The system is in cancellation configuration. The results can be extended in a straight-
forward manner to the equalization case.

When the signal-to-noise ratios are assumed high, the adaptive filter Wiener solution
is approximately equal to the reference filter (in practice, this amounts to SNR’s
greater than 10 dB).

Note that Assumption 3 can hardly be justified in practice, but has been used with

success in the analysis of stochastic algorithms {7]. The noise vector properties stated in

Assumption 5 are of the same kind and will prove to be useful in the analyses. Note in

particular, that K, was found to be approximately equal to u&yi I in [6], for the LMS

algorithm. The use of the central limit theorem supports the Gaussian assumption about

7,,. This assumption is also commonly used in the analysis of the LMS algorithm [22], [27].
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4.3.1 The Joint LMS Algorithm in Type I Configuration

As mentioned in the introduction, it is assumed that u, = u(nT ~ d,), i.e. that any
adaptive delay modification is reflected on every sample of the adaptive filter delay line. This
simplifies the analyses by making the input signal autocorrelation matrix time-invariant and

by making the adaptive filter output equal to
y(n,dy) = wlu(nT - dy). (4.31)
The joint LMS algorithm is then of the form (for real signals)

Wotl = Wp + 2ue(n,dp)u(nT — dy) (4.32)
st = dn + 20e(n, dp)Wla(nT — dy). (4.33)

4.3.1.1 Analysis for the LMS Delay Estimator in Steady-State

The LMS delay tracking algorithm, in (4.33), is analyzed in terms of convergence of the
delay estimate, in the mean and in the mean square. The following analysis parallels and
extends that of Messer [29).

For d, = D, the output of the adaptive branch can be expressed as
y(n, D) = wl,u(nT - D) + nfu(nT - D). (4.34)

The first term on the right is defined as the optimum output #(n), since it represents the
adaptive branch output for perfect modelling in the MSE sense. The second term on the
right is defined as the output steady-state noise x(n,D). Define ey;,(n, D) as the error
between the optimum adaptive branch and the reference branch, i.e.

emin(n, D) = r(n) — #(n), (4.35)

and the corresponding MSE as (also given in equation (3.53))
Emin = Eledyin(n, D))- (4.36)

Note that because of Assumption 5, the steady-state noise output is zero-mean and uncor-
related with #(n) and r(n). In effect,

E[#(n)x(n, D)] = E{wipu(rT — D) u(nT - D)]
= wl E{u(nT - D)uT(aT - D)]E[n,] (4.37)
=0
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and,
E[r(n)x(n, D)] = E[(*(n) + emin(n, D))x(n, D)]

= Elemin(n, D) u(nT ~ D)]
= Eemin(n, D)o’ (nT ~ D)|E[n,)
=0.
The approximation of equation (3.22) in Chapter 3 can be used with v,(d,) = €?(n,dp)
and O, = D (for real signals). Then
Yu(D) = 2¢(n, D)é(n, D)
= -2e(n, D)y(n, D)

(4.38)

(4.39)

and
§n(D) = 2¢*(n, D) + 2¢(n, D)é(n, D)

= 24%(n, D) - 2¢(n, D)j(n, D).
In (4.39) and (4.40), the dot and double dot denote respectively the first and second deriva-

(4.40)

tive with respect to d,. Therefore, using equation (3.22), the MSE estimate can be approx-

imated as
Yn(dn) = €(n, dp)

~ €*(n, D) = 2(dn = D)e(n, D)j(n, D) + (dn — D)*[§*(n, D) - e(n, D)j(n, D)].

(4.41)
The derivative estimate is then (for real signals)
- 5 _ a'}’n(dn) — 682(n,dn)
VdnSn = 54, 0dn (4.42)
= ~2¢(n, D)j(n, D) + 2(dn ~ D)[§*(n, D) - e(n, D)i(n, D)].
If the derivative noise Ny, is defined as
A -
Nn=Va,énld,=D> (4.43)
then, combining (4.42) and (4.43), the derivative noise is expressed as
Nn = —2¢(n, D)y(n, D) (4.44)
and represents the error between {7,1"{,, and 9, /0dy, when d, = D. Defining the quantity
G, as )
Gn = 12N
n = Haoln (4.45)
= g2(n, D) — e(n, D)j(n, D),
equation (4.42) can be expressed as
v = 2(dp — D)Gn + N.
Vdaén (dn ) n n (4.46)
=(dn - D)N, + N,
and the LMS delay tracking algorithm is therefore approximately expressed as
dn+1 = dn - 2a(dn - D)Gn - aNn. (4.47)
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Convergence in the Mean of the Delay Estimate
Take the expected value on both sides of (4.47), and rearrange. The result is
E[dn+1] = E[(1 - 2aGn)ds) + 2DaE[Gyr] — aE[Ny]. (4.48)

The following proposition simplifies expression (4.48).

Proposition 4.1. d, is uncorrelated with the derivative noise N, and its rate of change Gr,.

Proof: From (4.47), it is seen that dy is a function of dp—), Gn~) and Np—;. But, from
(4.44) and (4.45), Gp—1 and N,_; are functions of r(n — 1) and y(n — 1). The delay d,
is then a function of r(n — 1 — i) and y(n -~ 1 -14), for i = 0,1,...,n — 1. But G, and
Ny are functions of r(n) and y(n). From (4.32), the vector wy is a function of u(nT —
T - dp-1),u(nT — 2T - dp—23),...,u(—dp). In steady-state, d,_; = D and because of
Assumption 3, w, is approximately uncorrelated with u(nT — d,). This fact allows the

following computation, for £ = 1,2,...,n,
E[y(n)y(n - k)] = E{wpu(nT — dn)wi_u(nT — kT - dp_)]
= E[ul(nT ~ dp))E{wlw,_ju(nT - kT — d,_})] (4.49)
=0,

since u(n) is zero-mean. If the signal portion of 7(n) is obtained by filtering u(n) with an

FIR filter of length equal to the adaptive filter length and since the noisy portion is white,

then Assumption 3 implies that E[r(n)r(n — k)] = E[r(n)y(n - k)] =0,fork =1,2,...,n.

Therefore d, is uncorrelated with G, and N,,. [ |
Equation (4.48) becomes

Eldny1] = (1 - 20E[Gy])Eldy] + 2DaE[Gr) — aE[Ny)]. (4.50)

In Appendix D, E[Gy] is found to be

E[Gy) = —¢!:(0), (4.51)
and
E[Ng]=0 (4.52)
because 9
E{Na) = g~ Blenin(n, du)lldn=D
= &min (4.53)
=0.
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Then (4.50) simplifies to
Eldn+1] = (1 + 224:(0)) Elds] — 2Dad!:(0). (4.54)

Note that, for a TypeI or a Type II-DAB adaptive system,

02E[e2 . (n,dy)]
Emin = ’3‘;% ldn=D
02E[(r(n) - wl ,u(nT = dn))?]
= 5 ldn=D
0dy (4.55)
B 232E[r(n)wzptu(nT - dn)]I 82(wgptRwopt) '
- dd2 dn=D ad2
- _202¢,.,=(0) n az(wzptRWopt)
dd3 dd2 '
The second term on the right is zero and the quantity £, is
Smin = _2‘;5”“(0)' (4'56)

This result is also valid for a Type II-DRB adaptive system. Using the results of Appendix C,

(4.56) can also be expressed as )
{min = —245;-,1-‘(0)

’ (4.57)
& —2¢;:(0)
for high signal-to-noise ratios . Note that because of orthogonality principles [7]
¢r#(0) = E[r(n)#(n)]
= E[(#(n) + egin(n, D))#(n)
[(#(n) + emin(n, D})F(n)] (4.58)
= E[f*(n)]
= ¢:#(0).
Therefore, (4.54) can be written as
Edp41] = (1 - abmin)E[dn] + Dabmin, (4.59)

which shows the same form as the SD delay tracking algorithm of (3.25) with 5p(©n) = Emin
and ©, = D.

Equation (4.59) converges if |1 — afpia] < 1, and from the above derivations, the

following proposition emerges.

! Note that ¢,(0) = ¢»(0) when the input and the noise signals are white.
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Proposition 4.2. In steady-state conditions, the delay estimator, given by the LMS delay
tracking algorithm operating jointly with an adaptive filter in Type I configuration, is an

unbiased estimator if

2
0<a<—. (4.60)
min

Note that, in interpreting Proposition 4.2, it is important to keep in mind that the result
is true if no false lock happens, i.e. if no noise samples force the delay estimate to lock on
a local solution, or if the adaptive filter does not compensate at all for the delay reference.
In this case, the first order linearized model leading to (4.47) applies and Proposition 4.2

can be used.

Convergencey in the Mean Square of the Delay Estimate
Subtract the value D from each side of (4.47) and rearrange. This gives
dny1 — D = (1 = 20Gy)(dn — D) — alNy,. (4.61)
Square each side of (4.61) and take the expected value
E[(dn+1-D)?] = E[(1-2aGp)?*(dr—D)*|-20E[(1-20Gy)(dn—D)Nyl+a? E[N2]. (4.62)

Use Proposition 4.1, which states that dy, is uncorrelated with G, and N,. Equation (4.62)
simplifies to

E[(dn+1— D) = E[(1-20G1)?*|E[(dn - D)} - 2aE{(1 —2aGy) Nu)E[(dn— D)} +a® E[N2].
(4.63)
It can be shown that E{(1 — 2aG»)N,] = 0 (Appendix D) and, defining the time-varying

delay estimate variance vy, as
vy = E[(ds, — D)?], (4.64)
equation (4.63) simplifies to
vna1 = E[(1 — 2aGp)*vn + o> E[N2]. (4.65)
Equation (4.65) indicates that there is convergence in the mean square sense if
|E[(1 - 22Gn)?]| < 1. (4.66)

Using the result of (4.51), the expected value is equal to
E[(1-2aGy)% = 1 - 4aE[G,] + 4a’E[GE)

) (4.67)
=1 - 20€pin + 402 E[G2).
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The value of E[G2] is found to be (Appendix D)

E[GE] = 3(87#(0))% + 661:(0) ¢y (0)tr[Ky] + 3(1, (0)tr[Ky])?
+ (6rr(0) = 54(0) + Gua (O)tr[KD) (4P (0) + SLAO)Ky])  (468)
+ 207+(0)(87+(0) = ¢7:(0) ~ Fua(0)tr{Ky]),
which, for high signal-to-noise ratios, can be approximated by (using (4.57))

E[G2] ~ 3(67:(0))? + 467:(0) ¢y (0)tr(Ky] + 3(¢1y,, (0)0r[K))?
) @ (4.69)
+ (¢rr(0) — ¢#:(0) + ¢uu(0)tr[K7I])(¢;f (0) + duu (0)tr[Ky]),

where tr(-] is the trace operator, K, is the weight noise correlation matrix defined in (4.30)

and ¢(*)(0) denotes 3*¢(r)/074 at r = 0. The condition of (4.66) can be expressed as
~1<1-20fp, +42%E[G2] < 1 (4.70)

or

0 < 1-ofpin +20°E(G2] < 1. (4.71)
Equation (4.71) is true if the following conditions are simultaneously verified

{ 0 < 1~ abmpin + 20°E[G2] (a)
—afmin + @E[G7) < 0 (aa).

Condition (a) implies that a quadratic function in a must always be positive. This is true
if the following condition is met
2
L) am
é.min

Using (4.57) in (4.69), the numerator is given by
8E[G2] ~ 6€%;, + K,

where K is always positive. Therefore, (4.72) is always true and condition (a) is always
verified for any value of a. This leaves condition (aa) to fix the range of a for convergence

in the mean square. The following proposition has therefore been proven.

Proposition 4.3. In steady-state conditions, the delay estimator, given by the LMS delay
tracking algorithm operating jointly with an adaptive filter in Type I configuration, is

convergent in the mean square if

.émin
—_— 4.73
0<ac< 2E[G2]’ ( )
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where the quantity E[G2) is given in (4.68). [ |

Because, in steady-state, the expected values in (4.65) are time-invariant, the steady-

state delay estimate variance is given by

Vgs = lim Vn

ey
T 1-E[(1-2aGp)? (4.74)
aE[Nz]

- 2.émin - 4O‘E[G%],

where E[N?] can be shown to be (Appendix D)
E[N2] = —4(6rr(0) = ¢7:(0) + $uu(0)tr[Kn]) (87 (0) + 63, (0)tr[Ky)). (4.75)

Note that the steady-state variance is approached at the fastest rate when the quantity

E[(1 - 2aGy)?] in (4.65) is minimum. This happens when the adaptation constant is

Qopt = 4_2%‘5 ’ (4.76)

which is one half the maximum adaptation constant allowed by (4.73).

4.3.1.2 Analysis for the LMS Adaptive Filter in Steady-State

As with the LMS delay tracking algorithm, the LMS weight vector adaptive algorithm
of (4.32) can be analyzed in terms of convergence in the mean and the mean square of the

weight vector estimate.

Convergence in the Mean of the Weight Vector Estimate

Take the expected value of each side of the first equation of (4.32). The result is
Elwp41]) = E{wp) + 2pE[e(n, da)u(nT - dy))

(4.77)
= E[wy] + 2u(E[r(n)u(nT = d,)] — E[u(nT — dp)ul (nT — dp)wy)).

From equation (3.7), the second expectation on the right hand side of (4.77) is equal to pn.
But the cross-correlation vector is a function of the delay d,, which is a random variable in
the joint LMS algorithm. Therefore, p, is now a conditional expectation, conditioned on
dn and E[r(n)u(nT — d,)] is equal to E[py], with the expectation taken with respect to the
adaptive delay value.

From (4.32), it is noticed that the estimated weight vector w, is a function of the past

input vectors u(nT-T—d, 1), w(nT-2T-d;—2),...,u(—dp). Assuming that independence
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theory holds, since d,—; = D in steady-state, the weight vector w, is uncorrelated with
u(nT — dy) and the third expectation on the right hand side of (4.77) can be expressed as
E[u(nT — dn)ul (nT — dy)Wn] = E[u(nT = dp)ul (nT — dp)} E{wy)
- RE[w,) (4.78)
Therefore, (4.77) can be expressed as
E(wnt1] = E[wa] + 2u(E[pn] — RE[w4]). (4.79)

In order to compute E[p,), express p, as a function of d,, as in equation (3.54). This

expression is

n_'Dn 2" .
(_‘1'_2——)‘¢ur(".7T" Dn).

(4.80)

Therefore, because the delay estimator is assumed unbiased and in steady-state, the ex-

Gur(—3T = dz) = Sur(=3T — Dn) + (dn ~ Dn)dur(—jT — Dy ) +

pected value of the cross-correlation vector is
Efpn] = p(D) + Y2vssp(D)
= Rwop + 1/2vssp( D),
where vgs is the steady-state delay estimate variance, and equation (4.28) was used. Using
(4.81) in (4.79) gives

(4.81)

E{wni1] = (I - 2uR)E[wy] + p(2Rwopt + vssp(D)). (4.82)

This equation can also be expressed as
E[Wnt1] = (I - 2uR)" E[wo) + Wopt + 1/20ssR™1p(D)[I - (I~ 2uR)"). (4.83)

Therefore, E[wy] converges to wopt + 1/2vssR™Ip(D) if the gain factor p is smaller than
the inverse of the maximum eigenvalue of R [7]. This can be formalized in the following

proposition.

Proposition 4.4. In steady-state conditions, the weight vector estimator, given by the adap-
tive filter LMS algorithm operating jointly with a mean square convergent delay tracking

algorithm in Type I configuration, converges in the mean if
1

/\max
where Amax denotes the maximum value of the input signal autocorrelation matrix R. The

O<u<

: (4.84)

weight vector estimate experiences a bias given by
| b = 1avsR™15(D). (4.85)
|

Note that the convergence condition of (4.84) is identical to the usual condition for

convergence in the mean of an LMS adaptive filter {7].
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Convergence in the Mean Square of the Weight Vector Estimate

The weight noise vector correlation matrix Ky(n + 1), at iteration n + 1, is computed
in this section and a condition for its convergence, in the matrix norm sense, to a finite

steady-state value is established. From equations (4.27) and (4.32), the noise vector can be
written as
Mn+1 = Wil — Wopt
= Wn + 2ue(n, dg)u(nT - dy) — Wopt
= {1 - 2pu(nT - da)uT (T = dy)]ns
+ 2u[u(nT - dg)r(n) — w(nT ~ dn)uT(nT ~ dp)Wopt)-

(4.86)

Then, K;(n + 1) can be expressed as

Ky(n +1) = E[np410%41]
= E[(I- 2pu(nT ~ dp)ul (2T ~ dg))nunl

(1= 2pu(nT - dp)ul (nT - d,))7]

+ 2uE[(1 - 2pu(nT ~ dp)ul (nT = dy))n,
(w(rT ~ da)r(n) — w(nT — dy)ul (nT — dp)Wopt)T] (4.87)

+ 2pE[(u(nT ~ dp)r(n) — w(nT = dg)ul (nT = dn)Wopt)
7L (1 - 2uu(nT — dp)ul (nT - dy))T)

+ 4p? E[(u(nT — dy)r(n) — u(nT ~ dp)ul (nT — dpn)Wopt)
((nT = dp)r(n) — a(nT — do)ul (0T — dn)wopt)7T).

The four terms of equation (4.87) can be evaluated individually as follows:

1st term.

E[(1- 2pu(nT - da)ul(nT = dn))unl (1= 2uu(nT ~ da)ul (nT - da))T]
= Elnan?]
= 24E[nnnl |E{a(nT ~ do)ul (nT - dy)]
~ 2uE(a(nT - dn)u” (nT - du)| Elnan7 ]
+ 442 E[u(nT — dn)ul (nT = du)npnu(nT = dy)ul (2T - dy)] (4.88)
= Kp(n) = 2uKy(n)R - 2uRKy(n)
+ 42 E[u(nT — dp)uT (nT = do)nanlu(nT — do)uT (nT - dp)]
~ Ky(n) = 2uKq(n)R — 2uRKy(n) + 4p?Retr{RKy(n)],
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where the last step follows from the Gaussian and independence assumptions and can be

carried out in details as in [54] (see also [7], pp. 221-224).

2nd term.

E[(L-2pu(nT - do)uT (nT = dp))Ma(u(nT = dy)r(n) — w(nT ~ dy)ul (2T ~ dy)wopt)]
= E[nn(u(nT — dn)r(n) - u(nT = dp)ul (nT — dy)wopt)7)
— 2uEu(nT — dp)ul (0T = dp)pa(u(nT — dp)r(n) — w(nT — dp)ul (nT - dn)wopt)T]
= E(na) E(u(nT ~ dn)r(n) = u(nT — dn)ul (nT - dn)wop:)"]
— 2uE[u(nT — dp)ul (nT — dp)nul (2T — dg)r(n))]
+ 2uEu(nT - do)uT (nT ~ dy ) wl u(nT = dn)ul (nT — dy)]
~ bbTR — 2uRbw R — 2uRbbTR + 24Rbwl R
= bbTR - 2uRbbLTR,
(4.89)
where (4.81) and (4.85) were used. But note that the vector b is proportional to the
delay estimate variance vss. Assuming that this variance is small, then the second term is

approximately zero since it is proportional to the square of the variance.

3rd term.

The third term of equation (4.87) is the transpose of the second term and is therefore

approximately zero.

4th term.

4p? E[(u(nT — dp)r(n) — u(nT — dp)ul(nT - dn)Wopt)
(u(nT = dp)r(n) — u(nT ~ dn)ul (0T ~ dy)Wopt)T]
= 42 E[u(nT - dy)r(n)r(n)ul(nT - d,))
— 42 E[u(nT — dp)ul (nT - dn)woptuT(nT = dp)r(n)]
~ 4u? E[u(nT - dn)r(n)wg‘ptu(nT = dp)uT (2T - dy)]
+ 4p2 E[u(nT — dy)uT (0T ~ dp)Wopiwlpu(nT — dp)ul (2T - dy)).

Reasoning as in [7], the four expectations of equation (4.90) are found to be

(4.90)

E[u(nT — dp)r(n)r(a)ul (nT — dn)] ~ Répr(0)  (4.91)

E[u(nT — da)ul (T — dy)woptu? (T — da)r(n)] ~ RE[pLlwope (4.92)

Efa(nT - do)r(n)wapsu(nT — dn)u” (nT - dn)] = Rwoy Elpn] (4.93)

Elu(nT - d, )uT(nT - dn)woptwgptu(nT —d )0l (nT - dp)] & waptRwopt. (4.94)
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Using (4.81), the fourth term is given by
42 E[(u(nT — dy)r(n) — u(nT — dy)ul (aT — dn)Wopt)
(u(nT = dp)r(n) = (T = dp)ul (nT = dn)wWopt)T]
= 4u”R[6,r(0) - WiptRWopt — 1/2vss(pT (D)Wopt + Wiy (D))]

= 4I‘2 R[émin + émin'USS/?]’
where &pip is the minimum MSE attainable as defined in (4.36), and its second derivative

(4.95)

with respect to the delay, when d, = D, is defined in (4.57) and can take the form

Emin = "[ﬁT(D)wopt + W?:ptii(D)], (4.96)

because T T
woptp(D) = E[woptu(nT - D)r(n)]

= E[(8*#/0d%)r(n)]
= ¢7:(0)

= ~Emin/2.
Collecting the four terms, the time evolution of the weight-error correlation matrix is

(4.97)

Ky(n + 1) = Ky(n) — 2u(Ky(n)R + RK;(n)] + 44’ Rr[RKp(n)] + 44> Rl€min + Eminvss/2]-
(4.98)
Except for the term involving the delay estimate variance, equation (4.98) is identical to the
one for an adaptive filter operating alone ([7], equation (5.74)). In order to have convergence
in the mean square of the weight vector estimate, the correlation matrix must stay bounded

in some sense. The norm of this matrix can be used with that effect.
The norm of a matrix A, denoted by ||A|], is the number defined by [55]

| Ax]
Al = ma ol

It can also be shown that ||A]|2 is equal to the largest eigenvalue of the product AH A [55].

(4.99)

When A is an autocorrelation matrix, the norm ||A|| is then equal to the largest eigenvalue
of A. Note that the definition based on the largest eigenvalue is not necessarily unique.

Proceeding as in [7], equation (4.98) is first expressed in normal form by using the
unitary similarity transformation

R = QAQT, (4.100)

where Q is a unitary matrix with the orthonormal eigenvectors of R as columns and A is
a diagonal matrix with the corresponding eigenvalues on the main diagonal. Using this

transformation in (4.98), with

X(n) = QTK,(n)Q, (4.101)
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gives
X(n+1) = X(n) - 2u[X(n)A + AX(n)] + 4p® Atr[AX(n)] + 442 Albmin + Eminvss/2). (4.102)

Because the matrix Q is unitary, the norm of K,(n) is equal to the norm of X(n).
Therefore, the weight vector estimator converges in the mean square if and only if the largest
eigenvalue of the matrix X(n), when n tends to infinity, is finite. Since an autocorrelation
matrix is always nonnegative definite [7], the largest eigenvalue of X(») is finite if and only
if the trace of Ky(n), which is equal to the trace of X(n), is finite. A recursive equation for

the diagonal element of X(n) can be obtained by proceeding as in {7}, pp. 229-230. The

relation is

x(n) = B"[x(0) ~ 44* (¢min + Eminvss/2)(I — B)7IA] + 44% (€min + Eminvss/2)(1— B) 1A,

(4.103)

where the M X 1 vectors x(n) and A are defined as
x(n) = [21(n), 22(n), ..., 2 g (n)]F (4.104)
A=, A2, 0T, (4.105)

with the z;(n)'s being the diagonal elements of the matrix X(n), the M.s being the eigen-

values of the input signal autocorrelation matrix R and the M x M matrix B has elements
defined as

- 2 i= 3
= {(1 2ph;) J (4.106)

4p2 AN i # 5.
Since the matrix B is symmetric, a unitary similarity transformation similar to that de-
scribed in (4.100) can be found such that

B = GCGT,

where the matrix C is diagonal with elements that are the eigenvalues of B. Therefore,

(4.103) converges to its steady-state component

Xgs = 4/‘2(€min + Emin”n/2)(1 - B)_l’\ (4.107)

if and only if the eigenvalues of matrix B all have magnitude less than one. It is demonstrated
in {7] that this is the case if and only if the parameter u satisfies the condition

0< <—1———
< WR)

Therefore, if the delay estimate variance vgg is finite, the trace of the weight-error correlation
matrix Ky is finite and the condition for convergence in the mean square is given in the

following proposition.
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Proposition 4.5. In steady-state conditions, the weight vector estimator, given by the adap-
tive filter LMS algorithm operating jointly with a mean square convergent delay tracking

algorithm in Type I configuration, is convergent in the mean square if

1
0<pu< : (4.108)
M
L= A
where ); is the i** eigenvalue of the M x M input signal autocorrelation matrix R. |

This condition for convergence in the mean square sense is identical to the one for an
adaptive filter operating alone.

From the similarity transformation of (4.101), with the matrix Q being unitary, the trace
of the matrix K,(n) is equal to the trace of the matrix X(n). Then, from the definitions of

the vector x(n) in (4.104), the following is true

tr[Ky] = tr[Xss)

M (4.109)
= Zl Ti(ss)s

where Xgs is the steady-state version of X(n) and z;() is the ith element of the correspond-
ing steady-state version of x(n). The elements of the vector x5 can be found from (4.107),
or by letting n tend to infinity in (4.103). The result is that every component of x is equal
to 7]

) _ E{€min + gminvss/2)
Ti(ss) = 1 - ptr[R] . (4.110)
Therefore,
_ €min T EminvSS/2
tr[Ky] = uM = uR] (4.111)
If the adaptation constant u is small enough to make
pirR] < 1,
then (4.111) can be written as
tr[Kp] & M (Emin + EminVss/2
[Kn] & pM(&min + EminVss/2) (4.112)

= tr{Ky] + pMEpinvss /2,

where tr[Ki,] is defined as the trace of the weight-error correlation matrix specific to the

adaptive filter and is given as

tr[K’,’] = uM&min- (4.113)
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4.3.1.3 Excess Mean-Squared Error and Misadjustment with the Joint LMS
Algorithm

The steady-state MSE, for the joint LMS algorithm, is first computed and the excess
MSE is deduced. Then, a misadjustment expression is derived. From equation (3.5), the
steady-state MSE function is

§ss = rr(0) + E[wy Rwn] — 2E[w; pn]. (4.114)
Equation (4.27) transforms (4.114) into
€ss = drr(0) + W RWopt + E[1; Rtn] + 2E7" RWopt] = 2wyt Elpn] — 2E[; pr). (4115)
The use of (4.81) gives
&ss = ¢+ (0) + ngtRwopt + E[nL Ray] - 2ngtRW0pt - ”sswgptﬁ(D) — b p(D)
% rr(0) — WapRWopt — vesWoptB(D) + E[1; Ry (4.116)
= &min + Uss€min/2 + E[n} R,

where the expression ¢rr(0) — ngtRWopt is explicitly defined as &n;,, the expression
wgptﬁ(D) is replaced by its equivalent given in (4.97) and the steady-state delay variance

vss is assumed small. The last term of (4.116) can be expressed as

E[nIRn,] = tr[RK,]

= tr[AXgs) (4.117)
= Aszs.
Combining (4.107) and (4.117) gives
E["ZRnn] = 4/»"2(Emin + Eminvss/Q))‘T(I - B)_IA, (4.118)

which can be shown to be equal to [7]

E[ﬂg:Rnn] _ #Emin t+ 'éminvSS/Q)tr[R]

= . 4.119
1 - ptr[R] ( )
Use (4.119) into (4.116) gives the final expression for the joint MSE function
" in + EminVss/2)t1[R
€ = b+ vk 2+ Lmin ¥ Enintn DUl (4.120)
The excess MSE is then
ex = €ss — €min
¢ #(€min + Eminvss/2)tr[R]
= : 4.121
Vss€min/2 + 1 - ptr[R] ( )
= £+ &ox + G
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where the excess MSE specific to the adaptive delay element is defined as

& = —-vssé"‘i“, (4.122)
the excess MSE specific to the adaptive filter is defined as
f _ Hémintr[R]
Eex - 1 _ l.l,tr[R] ’ (4.123)

and the cross-product excess MSE is defined as

daf = ———gfi“f':jz:[r}[g)] (4.124)
Note that the expression for f‘eix is equal to the expected value of the excess MSE given in
(3.61). This expression is also valid for pure LMS delay estimation [29] and the expression
for §£x is valid for an adaptive LMS filter operating without an adaptive delay (7).

The misadjustment is defined as the ratio of the excess MSE to énin. Therefore, the

misadjustment expression is
M= ML+ M MU
= M+ M+ MMt

where the misadjustment specific to the adaptive delay element is defined as

(4.125)

Mi = —”;zg'f‘i“, (4.126)
min

the misadjustment specific to the adaptive filter is defined as

£ ptr[R]
M= 1 — ptr[R]’

and the cross-product misadjustment is defined as

(4.127)

Mt = #eminvsstr[R]
26min(1 — ptr[R]) (4.128)
= mimt

4.3.2 The Joint LMS Algorithm in Type II Configuration: Delay in Adaptive
Branch

The particularity of the Type II-DAB configuration is that the adaptation is a func-
tion of the delayed adaptive filter (see equation (3.10) and equations (3.33) to (3.35) in
Chapter 3). The adaptive branch output is given in (4.4) and the corresponding joint LMS
algorithm is

Wnt+l = Wn + 2ue(n, dp)u(nT - dy)
dpi1 = dn + 2ae(n,dy)y(nT - dy),
where e(n,dy) is given in (4.3).

(4.129)

- 79 -



4.3.2.1 Analysis for the LMS Delay Estimator in Steady-State

Because the output of the adaptive branch is given by (4.4), the output steady-state
noise x(n, D) is given by
x(n, D) = nz:T_Du(nT - D), (4.130)

and the derivative of x(n, D) with respect to the delay is a function of the derivatives of
both VIT— p and u(nT — D). This fact does not affect, for the most part, the derivations
of the convergence conditions presented in Subsection 4.3.1.1. Proposition 4.2 is unchanged

and Proposition 4.3 still holds with E[G2] given by
E[G}] =3(67:(0))? + 6¢7:(0)[¢44(0)tr[Kp] + uu(0) Z ()
+ 3[¢, (0)tr{Ky] + duu(0) Z«ﬁ,,,,,, (O)]?
+ 26:(0)(7:(0) — ¢7:(0) — (1, (0)tr[Ky) +¢w(0)2¢,,,,,, (4.131)

+ (6r(0) — 677(0) + duu(0)tr{Ky))
(3(0) + 68 (0)tr[Ky] + $uu(0) > Shins (0) + 66,(0) 2451:.17,(0))-

The steady-state delay variance is still given by (4.74) with

E[N2] = —4(87+(0) ~ ##(0) + buu(0)tx{Ky])(5:(0) + ¢4, (0)tr(K, ]+¢uu(0)2 mim (0))-

(4.132)
Note that equations (4.131) and (4.132) reduce to (4.68) and (4.75) when the adaptive
weight vector is not a function of the delay (¢},...(0) = %?2,,( 0) =0).
The second derivative ,’ (0) can be approximated by Stirling’s formula

gl (0) ~ ‘2¢17.'m(k)l;‘22¢nms(0). (4.133)

It is shown below that ¢y, (1) ~ @4,y (0), which, when used in (4.133), implies that

min:(0) = 0. This result can be heuristically explained by noting that if 4 is small (as
it is in practice), the correction made to the weight vector is small (see equation 4.129), and
the autocorrelation of the noise vector components is approximately constant around a lag
of zero. Therefore, the results of Subsection 4.3.1.1 can be used without any modifications,

unless the adaptation factor p is such that the approximation (obtained from (4.172))
14 2u) 21 Vi (4.134)

is not true.
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4.3.2.2 Analysis for the LMS Adaptive Filter in Steady-State

Some complications appear in the analysis of the LMS adaptive filter. From (4.129),

the weight vector adaptation is performed according to
Wnt1 = Wp + 2ue(n,dp)u(nT - dy)

(4.135)
= wp + 2p[r(n)u(nT - dy) — u(nT - dn)ul (nT - dn)WnT—d, ]
This type of algorithm has been analysed for a constant integer delay [49], [56]. The use
of a fractional and stochastic delay complicates greatly the problem. In order to simplify
the analysis, it will be assumed, throughout Subsection 4.3.2.2, that the reference delay
D, = D/T is an integer.

Convergence in the Mean of the Weight Vector Estimate when D, is an Integer

Taking the expected value on each side of (4.135), making use of the independence
assumption and using (4.81), the following equation is obtained for the update of the average

weight vector

Elwny1] = E[wa] — 2uR{E[W,7-4,] — Wopt} + pvssp(D). (4.136)

Use the similarity transformation of (4.100) and define the normalized error vector E, and

the normalized cross-correlation vector ¢(dy) as
En = QT{E[Wa] ~ wopt}

e(dn) = Q" p(dn).
Equation (4.136) then becomes

(4.137)

E{Ent1] = E[En] - 2uAE[E,7_g,] + pvssé(D). (4.138)

Note that the expected values are taken over the input data, which amounts to expectations
taken jointly over the adaptive weight vector and the adaptive delay. Denote an expected
value with respect to the weight vector as E'y[:] and an expectation taken with respect to
the delay as E4[-]. Consider wy,(dy) as a function of d,. If the delay steady-state variance
is small, wy(dy) can be represented approximately as

Wa(dn) % Wa(D) + (dn = D)¥a( D). (4.139)

Since the delay estimate is unbiased, the expected value of w,(dy) with respect to dy is t

Ej[wa(dp)] = wa(D), (4.140)

! Note that in order to be consistent with previous results, a term proportional to the delay variance v,,
should be present. But in a first analyis, this term is neglected in order to avoid expressions containing
derivatives of the weight vector
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and
E4[Bnr-4,] = Eqr—_p. (4.141)

Equation (4.138) then becomes

Ew[Ent1] = Ew(En} ~ 2uAEw[En7_p] + pvssé(D). (4.142)

Denoting the i** component of Ew|[E,] as &,;, the transfer function between Uusséi(D) and
€n; IS v

2Dn

i = .
,(Z) th+1 —_ ZD- + 2#’A1

(4.143)

Then (4.142) converges if and only if, for each i, all of the roots of the characteristic
polynomial
C(z) = 2P — 2D+ you), (4.144)

lie within the unit circle. This is exactly the result obtained in [49] and the bound on u is
found to be

DT 1)] . (4.145)

Using the final value theorem [57], the steady-state value of the ith error vector component

1. [
d<u< sin
)\max

is

" Dn+1
€ssi = lim D'uvs;c'(Dgz
#=1 200 - 20 4 20 (4.146)
- vssi( D)
2%

which indicates that there is a bias on the weight vector estimate identical to the one in

(4.85). The following proposition characterizes the convergence in the mean of the weight

vector.

Proposition 4.8. In steady-state conditions, the weight vector estimator, given by the adap-
tive filter LMS algorithm operating jointly with a delay tracking algorithm in Type II-DAB

configuration, converges in the mean if

1 T
O<p< sin , 4,147
B Xax [2(2D*+1>] (4.147)

where Aqmax denotes the maximum value of the input signal autocorrelation matrix R and
D, = D/T is the mean of the delay estimate. The weight vector estimate experiences a
bias given by

b = Y2vsR™1(D). (4.148)
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Convergence in the Mean Square of the Weight Vector Estimate when D, is
an Integer

From (4.135), the weight noise vector is
M+l = T + 2pe(n, dn)u(nT - dp). (4.149)

Using the assumptions and the procedure of Subsection 4.3.1.2, the weight noise correlation

matrix Ky(n + 1) is found to be similar to (4.98) and is of the form

Kn(n + 1) =Kq(n) - 2u[Ky(n — Dy)R + RKZ(n — D,)] + 4p’Rtr[RKy(n — D,)]

. (4.150)
+ AU R Emmin + Eminvss/2] + 44’ DJR[Ki(n - D.) + K] (n - DJ)IR,
where K,(n — D,) is defined as
Kﬂ(n - D) = E[nnT—dn n;I;T..d,,]s (4.151)

which is obtained through an argumentation similar to the one of (4.139) to (4.141), and
Kp,(n) is defined as

Kp.(n) = Elnanir_g ], (4.152)
for D, an integer. Note in particular, that (4.150) is equal to (4.98) when D, = 0.
Then, using (4.149), the matrix Kp_(n) is given by
KD.(") = E[(nn—l + 2ue(n — 1,dp_1)u(nT - T — dn—l))nz:T—d,,]
= ElMn-1Ma7-d,] = 20EQ(nT = T = du—1)u" (T = T = dntnT~T~dn_, TaT—dy )

= Kp,-1(n — 1) - 24RK{ (n - D,),
' (4.153)

where (4.152) is used and the term of the form of (4.89) is neglected for a small delay

variance. Applying (4.153) successively, the following result is obtained.
Kp,(n) = Ky(n - D) - 2uD,RKT (n - D,). (4.154)

Then
Ki(n - D.) =Ky(n - Dy — 1) — 2uRKT (n - D, ~ 1)
=Kp(n - Dy — 1) - 2uRKX (n — D, - 2) + 44*R?K;(n - D, - 2)

o (4.155)
= Y (-2uR)KIi(rn-D,-1-1),
1=0
where K, (n) or
. n Oor 1 even
Ki'(n) = ; (4.156)
K;(n)  foriodd.
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Using the result (4.155) and the definitions of (4.100), (4.101), (4.104) and (4.105) in (4.150)
gives the following recursive equation for the diagonal vector x(n) of the normalized corre-
lation matrix X(n);
x(n + 1) =x(n) — 4pAx(n — Dy) + 4u2)\ATx(n - D,)
n=Du~1
+ 44 Amin + Eminves /2] + 80 DaA? Y0 (~2uA)'x(n ~ Dy = 1-4).

1=0

(4.157)
In order to obtain a bound on p that insures convergence of this equation, it is easier to

use (4.157) in the computation of the quantity £(n), defined as
£(n) = EnL R,), (4.158)

which can be shown to be equal to ATx(n) (see equation (4.117)). The quantity £(n) is a
constituent of the excess MSE (see (4.116)) and must therefore be finite in order to have
convergence in the mean square.

In order to simplify the results, assume that the eigenvalues A; are nearly equal  and
that the average eigenvalue is denoted as X (this assumption was used with success in [56]).
Then, premultiplying both sides of (4.157) by AT and using the definition of (4.158) results

in

E(n + 1) =E(n) - 4pu3E(nT — D) + 42u[R2){(nT — D)

n—-De~1
+ 4/‘2“[R2][Emin + éminvSS/2] + 81‘2D*’_\2 Z (—2l"_\)lf(n - Di—-1-14).
1=0
(4.159)
Taking the z-transform and rearranging gives
- - s, 8u’DA2\ _p.1];
£(z) = [z Ly {4u2tr[R2] - 4pl+ “—E*T} z=D- ‘] &)
Z+1 H (4.160)
+ 4N2tr[R2][£min + éminvSS/2];"__l'
The characteristic polynomial is
F(2) =202 — (1 = 2uX)zP 1 - 2uX. D
(4.161)

+4p(X — ptr[R2))z + 8uA |A = DA — ,utr[RZ]] .

In order for (4.159) to be stable, the characteristic polynomial must have all its roots within
the unit circle. Jury’s test [58] establishes four necessary and sufficient conditions for the

characteristic polynomial to have such roots. The first condition is

F(1) >0,

! This situation is desired in practice to insure reasonable convergence speed of the LMS adaptive filter.
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which reduces to
2xtr[Rp? + (2D A% + tr{R%) — 2X%)p — X < 0. (4.162)
This equation represents an upward parabola in x with a negative minimum. The positive
range of values of u for which the equation is negative is
V(2D A2 + tr[R2] — 2X2)2 + 8A2tr[R2] — (2D, A2 + tr[R?] - 2)2)
42t1[R2] ’
which is identical to the bound defined in [56]. In this article, it is shown that the second

O<pu<

(4.163)

and third conditions of Jury’s test hold when this bound is used. The fourth condition
cannot be verified analytically, but it is never violated in the simulations performed in [56]
and it is therefore conjectured that it is true.

Because £(n) = ATx(n), the above stability range is also applicable to the convergence
of x(n) given in (4.157). The steady-state value of £(n) is obtained by dpplying the final
value theorem to (4.160). For ul < /2, the result is
i, ~ MR Emin + Eminvss/2]

M1 = 2uD.)) — ptr[R2)

~ pMEmin +_§minv58/2] AT1
X(1 - 2uDX) ~ ptr[R?Y]”

where 1 is an M X 1 unit vector, i.e. it has all its elements equal to 1 and the second

(4.164)

equation is obtained by assuming nearly equal eigenvalues. Then
_ /"_\[Emin +_Emin”ss/2] )
M1 - 2uD. ) — ptr[R2]

The convergence in the mean square is therefore formalized in the following proposition.

Xss ~

(4.165)

Proposition 4.7. In steady-state conditions, the weight vector estimator, given by the adap-
tive filter LMS algorithm operating jointly with a mean square convergent integer delay
tracking algorithm in Type II-DAB configuration, is convergent in the mean square if
V(2D.A? + tr[R2] — 2X2)2 + 8AZtr{R?] — (2D,)2 + tr[R2] - 2)?)
4tr[R?] ’

O<p< (4.166)

where ) is the it* eigenvalue of the M x M input signal autocorrelation matrix R, X is the

average eigenvalue and D, = D /T is the mean of the delay estimator. [ |

From (4.165), the trace of the correlation matrix is

M
u(Kp) = D zi(es)
=1 (4167)
~ S‘[Emin + émin"’SS/Q]
~uM X1 - 2uD,)) — ptr{R2]

Note that if D, = 0, (4.167) reduces to (4.111), when the eigenvalues are nearly equal.
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Approximation of ¢;,.(0)

In order to compute the approximation of (4.133) for k£ = 1, the diagonal elements of

the cross-correlation matrix Kj(n) must be available. From (4.155), this matrix is given by

Ki(n) = Elnunn-1]

n—1
. ‘ (4.168)
=) (-2uR)KI (n—1-1),
1=0
from which the normalized diagonal vector can be obtained. It is given by
n—1 )
x1(n) = Y (-2uA)x(n — 1 -1), (4.169)
1=0
where
xy(n) = diag[Q7 Ky(n)Q], (4.170)

and x(n) is defined in (4.104). The j* component of x;(n) can be expressed as (using
(4.154) with D, = 1)
z1(n) = zj(n ~ 1) - 2uA;z15(n - 1). (4-171)
Assuming that the conditions of convergence are respected, the steady-state value of z;;(n)
is
z5(00)
14+ 2/.1/\1"

which is approximately equal to z;(o0) when the condition of (4.134) is respected. There-

zyj(00) = (4.172)

fore, ¢y, 4i(1) is approximately equal to ¢y,4;(0), and ¢Zmi(0) is approximately zero.

4.3.2.3 Excess Mean-Squared Error and Misadjustment with the Joint LMS
Algorithm in Type II-DAB Configuration

Proceeding as in Subsection 4.3.1.3, the MSE function is

€ss = min + vssémin/2 + E[UZT—d,, RnnT—dn]' (4-173)
From (4.117) and (4.164), the last term of (4.173) is given by
E["ﬂ:T—d,, Rinr—d,] = tr{RKy(00)]
= Aszs
= Ess

~ “tr[R2][£min + éminvss/2]
X(1 - 2uD,X) = ptr[R?]

(4.174)
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Therefore, the excess MSE has the same form as for the Type I configuration and is given
by

fex = € + €L 4+ df) (4.175)
where )
& = Es—s%m (4.176)
f Hemint1{R?]
== : : 4.17
Cex A1 = 2uD, ) — ptr[R2] (4.177)
df /‘éminvsstr[R?]
= — > . 4.1
X 2(M(1 - 2uD, ) — utr[R?)) (4.178)
The misadjustment has the form
M= M4 Ml M
(4.179)

= M+ M+ MIME,

where the different terms are trivially related to the corresponding excess MSE terms of
(4.175) to (4.178).

4.3.3 The Joint LMS Algorithm in Type II Configuration: Delay in
Reference Branch

A Type II-DRB system in cancellation mode is illustrated in Figure 3.2 of Chapter 3.
This type of configuration simplifies considerably the analysis of the Type II system and
makes it more practical since it avoids the delay between the filter adaptation and the error
signal. The negative delay —d, is implemented in practice by introducing a fized delay

before the adaptive filter. The error signal is given in (4.5) and the corresponding joint

LMS algorithm is
Wntl = Wpn + 2pe(n, dy)u(nT)

(4.180)
dn+1 = dn - 2ae(n, dn)""(nT - dn).

4.3.3.1 Analysis for the LMS Delay Estimator in Steady-State

Because of the adaptive delay location, the output of the adaptive filter is independent
of dp. But the optimum adaptive filter output #(n) is still a function of d, = D and the

noisy output is defined as
y(n, D) = #(n) + x(n, D), (4.181)
where

#(n) = wlo,u(nT) (4.182)
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and
x(n, D) = nzu(nT)|g,=—D- (4.183)
The Taylor approximation of v,(dn) = €2(n,dy) is still used with
Yn(D) = 2¢e(n, D)#(nT + D)

(4.184)
$a(D) = 2#¥(nT + D) + 2¢(n, D)#(nT + D).
Defining
Np = 2e(n, D)#(nT + D) (4.185)
and
Gn = #*(nT + D)+ e(n, D)#(nT + D), (4.186)
the approximate LMS delay tracking algorithm is (compare to equation (4.47))

Convergence in the Mean of the Delay Estimate

Proceed as in Subsection 4.3.1.1, i.e. take the expected value of (4.187). Note that
Proposition 4.1 holds and that
E[Gn] = ~¢!',(D)
= 1/2Emin (4.188)
E[Nn] =0,
as in (4.51) and (4.57). Then Proposition 4.2 applies in the present case, i.e. the condition

of convergence in the mean is

0<a< = 2 . (4.189)

min

Convergence in the Mean Square of the Delay Estimate

Apply the procedure of Subsection 4.3.1.1. Note that E[(1 = 2aGr)N,] = 0 again.

Then the same mean square analysis applies and Proposition 4.3 is valid with

E[G2] =3(¢7,(0))? ~ 26,.(0)[¢/,(0) — ¢"+(D)] + 2[¢//,(0) — ¢!:(D)]?

@) (4.190)
+ (6rr(0) — 67#(0) + Suu(0)tr{Ky])dr+'(0).
The steady-state delay estimate variance is still given by (see (4.74))
v = SEVE] (4.191)
2% min — 4aE[GZ]
where E[N2] can be shown to be
E[NZ] = —4(8:+(0) = 6;(0) + uu(0)tx{Ky])¢7,(0). (4.192)
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4.3.3.2 Analysis for the LMS Adaptive Filter in Steady-State

Combining the first equation of (4.180) and the error definition of (4.5), the LMS
adaptive filter algorithm is

W1 = Wp + 2u[r(nT ~ dy)u(nT) - u(nT)uT(nT)wn]. (4.193)

The mean and mean square analyses, based on (4.193), give the same results as those of
Subsection 4.3.1.2, with D replaced by —D, and Propositions 4.4 and 4.5 are valid in the

present case,

4.3.3.3 Excess Mean-Squared Error and Misadjustment with the Joint LMS
Algorithm

The results of Subsection 4.3.1.3 apply integrally, with the obvious changes in E[G2]
and [N2] according to (4.190) and (4.192) (for the computation of vss).

4.4 Discussion

As pointed out in Chapter 3, the joint steepest-descent algorithm and its stochastic
counterpart, the joint LMS algorithm, represent the generalizations of either the conven-
tional SD (LMS) delay tracking algorithm [29] or the conventional SD (LMS) adaptive
transversal filter algorithm [10]. It is therefore not surprising to find that all the results of
Subsections 4.3.1.1, 4.3.2.1 and 4.3.3.1, about the delay algorithm, degenerate to the results
of [29] when the signals are properly interpreted, and that the results of Subsections 4.3.1.2,
4.3.2.2 and 4.3.3.2 come down to the LMS adaptive filter results, when the delay D and the
variance are set equal to zero.

Another point to note is the fact that, as long as the delay estimation algorithm is
convergent in the mean square (vss is finite), the conditions for convergence of the LMS
adaptive filter, in the mean and in the mean square, are identical to the usual conditions for
a similar adaptive filter operating alone or with a fixed delay element, i.e. the convergence
depends on the eigenvalues of the input signal autocorrelation matrix. Note also that,
because of the adaptive delay element, the weight vector estimate is biased.

As equations (4.73) and (4.74) suggest it, the convergence of the LMS adaptive delay
element depends on £y, E{G2] and E[N2], for the three types of systems. Using (4.57)
and the fact that

€min = orr(0) - ###(0), (4.194)
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equations (4.69) and (4.75) can take the form ¥ (Types I and II-DAB)

E[G2] & ¥atkin — 1okminiahy
+ [Emin®2(0) = o€ 6,,(0) = 2Emin !l (0)]12]K,y] (4.195)

+ [3(814(0))? + buu (0652 (0)] 812 (K ]
E[N,%] ~ 2fmin.§'min

+ [26min$uu(0) — 4€minduy (0)]tx{Ky) (4.196)
— 4¢uu(0) 8y, (0)tr* Ky,
and equations (4.190) and (4.192) become (Type II-DRB)
E[G}] ~3(¢7:(0))? ~ 2¢7,(0)[$7+(0) + /obimin] + 2[¢7 (0) + 2bmin]®

+ (Emin + $uu(0)t1[Ky )8 (0)
EINE = —4(Emin + Sun(0)tr[K, )L (0). (4.198)

(4.197)

Equations (4.195) to (4.198) indicate that the convergence of the LMS adaptive delay ele-
ment depends on the input signal power ¢44(0) and the minimum MSE £, in the Types [
and II-DAB, as well as on the reference signal power ¢,+(0) in the Type II-DRB case.
The expression (4.74) (valid for the three types of systems) for the delay estimate vari-
ance is complicated by the presence of the adaptive filter-related terms. The delay estimate
variance is also encountered in the excess MSE and misadjustment expressions, like (4.121)
and (4.125). Once the delay variance is computed or fixed, these two quantities are seen to
be functions of two terms specific to the adaptive delay element and to the adaptive filter,
respectively, and of a cross-product term (note that the delay specific term being function
of vss, it is indirectly function of the adaptive filter). Note that the expressions for ng and
ng are identical to those obtained for the respective adaptive algorithms operating alone
(29}, [7). The cross-product terms é3f and M9 are essentially the result of gradient and
derivative estimation noise in the two adaptation processes. For stationary input and refer-
ence processes, the estimation noise in one adaptive algorithm is increased by the gradient
estimation noise present in the other adaptive system. Therefore, the total misadjustment
M is not merely the sum of the adaptive delay element and adaptive filter misadjustment
expressions M4 and MF, but also includes a term due to the joint estimation noise. Note,
however, that the cross-product misadjustment M9f is equal to the product of M9 and
M, which makes it a second-order term that can be, in practical situations, one order of

magnitude smaller than the individual terms.

! Note that these exptessions are ezact for white input and noise signals.
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The results obtained in this chapter are based on a number of assumptions, as listed
at the beginning of Section 4.3. These assumptions may seem restrictive, but they can
be justified as follows. The Gaussian assumption is a common one and has been used
in most of the more involved analyses, as in {59], [60] or [7]. The whiteness assumption
in the noise processes is more specific, but it is often met in practice and is used only
in the proof of Proposition 4.1. Assumption 2 about the stationarity of the reference
signal is used to limit the analysis to the effects of the gradient and derivative noises on
the steady-state behaviour of the joint algorithm. The excess MSE and misadjustment
caused by the tracking lag, in the case of nonstationary reference signals, was therefore not
considered in the analysis. The independence assumptions 3 and 5 are also common in the
analysis of stochastic algorithms. The zero-mean Gaussian assumption about the weight
noise vector (Assumption 5), when the adaptive delay element is considered, is clearly
wrong in view of the bias in the adaptive noise vector (see Proposition 4.4). But practical
considerations ask for a small delay variance, in which case the weight vector bias is also
small and Assumption 5 almost valid. Finally, the assumption of high signal-to-noise ratio
is used, as in Chapter 3, to simplify the results and obtain useful indications about the

algorithm.

4.5 Application of the Joint LMS Algorithm

The application of the various results obtained in this chapter is not an obvious task,
due mainly to the complexity of the different formulas and to the relationships among them.
But as shown above, the different bounds are functions of the input and reference signals,
and can therefore be estimated.

Note that if 4 and €piy are small, the quantity tr{K,] is approximately zero and E[G2] ~
3/42xznin for a Type I system (see (4.195)). In this case, convergence in the mean square
happens for

O0<a< ..2 ,

3 min

which is 1/3 of the upper bound for convergence in the mean (see Proposition 4.2).

In order to use the convergence bounds on @ and g, it is necessary to know the delay
estimate variance vgg, which itself is a function of . Since, in practice, a certain variance is
desired or desirable, vss can be used as a design variable that is fixed a priori. The different
quantities which are functions of this variance are then computed more easily.

A Type I system design procedure, for the determination of @ and g in high signal-to-
noise conditions, can take the following form
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1. Assume an acceptable delay steady-state variance vgs.

2. Estimate £pmin, Puu(0) and its derivatives (proceed as in Section 3.4.1, in particular
equation (3.117)).

3. Compute tr[Ky,), E[G%] and E[N2], as functions of u, using equations (4.111), (4.195)
and (4.196).

4. Obtain a relationship between a and g, using equation (4.74).

5. Use equation (3.91) of Chapter 3 to get a second relationship between o and y and
solve for these two factors.

6. Verify that the convergence bounds, for both a and u, are satisfied.

Similar procedures can be described for the two other types of systems. Because of
the assumptions used, these design procedures are useful only if they are used with caution
to obtain approximate information about the algorithms. More results concerning the
applicability of the procedures are given in Chapter 6. 4 \

The different bounds developed in Chapter 3 are useful in the application of the joint
LMS algorithm. In particular, note that the conditions for convergence in the mean of the
delay estimator in Type [ or Type II-DRB (equation (4.60)) is the same as the stability range
for the SD delay estimator (equation (3.75)). Then the tighter bounds of Proposition 3.2
(equations (3.82) and (3.83)) can be used to predict the convergence in the mean of the
delay estimator. The other results of Subsection 3.3.2.2 can also be use with profit in the
application of the joint LMS algorithm.

Finally, note that the analysis and the results obtained for the Type II-DAB adaptive
system (Subsection 4.3.2) are the least appealing and realistic ones. These results should
mainly be considered as indicative of the fact that a Type II-DRB configuration is more
attractive and should be preferred. Nevertheless, practical situations may dictate the choice

of a Type II-DAB form, in which case the theoretical results could be of interest.

4.6 Summary

Joint time delay estimation and adaptive MMSE filtering, using the least-mean-square
algorithm, has been studied in details in this chapter. The differences between three Types
of joint algorithms (I, II-DAB and II-DRB) were established, and in the Type I case, it was
assumed that the delay d, propagates instantaneously into the adaptive filter delay line.
The ODE method was used to show that when the adaptation factors a and p both tend

toward zero, the joint LMS algorithm converges to a local minimum of the MSE function,

-92.-




like the exact version of the joint steepest-descent algorithm. This supports the fact that,
when the factors are small, the joint LMS algorithm converges to solutions close to those
of the joint SD algorithm.

The three types of joint LMS algorithm were studied in steady-state conditions, when
the reference signal is stationary. It was established that the adaptive delay element con-
vergence bounds are governed by the input signal power and the second derivative of the
MSE function at its minimum in a Type I system, and by the same quantities, plus the
reference signal power, in the Type II-DRB case. In these two types, the adaptive filter
convergence bounds were found to be given by expressions identical to those obtained for
an adaptive filter operating alone. It was also found that the delay estimate is unbiased,
while the weight vector estimate is biased by a quantity proportional to the delay estimate
variance. It was also argued that a Type II-DRB adaptive system should be preferred to
a Type II-DAB system. A design procedure for the choice of the adaptation factors was
discussed, and it was pointed out that the results of Subsection 3.3.2.2 could be used with
profit, in the application of the joint LMS algorithm. .

The material presented in this chapter shows explicitly the complexity of the analysis
of stochastic joint algorithms, and could be seen as an attempt to unify the analyses of
LMS adaptive delay and adaptive filter algorithms, as well as a unification of the analyses
of different types of joint LMS delay estimation and adaptive filtering algorithms.
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Joint Time Delay Estimation and Adaptive
Chapter 5 Recursive Least Squares Filtering:
Fast Transversal Filter Algorithms

5.1 Introduction

The third joint time delay estimation and channel identification method proposed in
Chapter 2 is based on the combination of an adaptive delay element and an adaptive filter,
as used in Chapters 3 and 4, and the least squares (LS) estimation criterion. Using the
notation of the previous chapter, the prewindowed form of this method is based on the
minimization, with respect to both the adaptive delay and the adaptive filter weight, of the

sum of ezponentially weighted error squares £(n), defined as

n
E(m) =3 8" le(i, ]2, (5.1)
1=1

where (3 is a constant positive weighting factor close to, but less than one [7]. Note that the
memory of any algorithm based on the criterion (5.1) grows with n. Strictly speaking, this
type of algorithm is therefore not completely suitable for tracking nonstationary reference
signals, since it never completely “forgets” the past data. But for § lower than one, the

tracking capabilities are generally acceptable [61].
A joint LS algorithm can take a form similar to the joint SD algorithm of Chapter 3,
i.e. the delay adjustments can be based on explicit error derivative measurements and
the filter adaptation can rely on the recursive least squares (RLS) algorithm. In such a
philosophy, the two adaptation processes are based on independent computations, and one

algorithm does not use any information processed by the other algorithm (each adaptive
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system acts as if the other system was not present). This philosophy can be applied to any
type of adaptive configuration, as defined in Chapter 3 (Type I, II-DAB or II-DRB). But
the particularity of the RLS adaptive filter algorithm is that it computes the true solution of
the LS problem at each iteration, which typically insures a rate of convergence an order of
magnitude faster than the simple SD or LMS algorithms [7]. This characteristic can prevent
the use of an independent delay estimation algorithm, as in the joint MMSE algorithm of
Chapter 3. This is so because the adaptive filter converges so quickly that it will model
by itself the most part of any reference delay before the adaptive delay loop can converge.
In most occasions, the joint LS algorithm must therefore intimately link the two adaptive
processes.

Another problem with the use of the RLS adaptive filter algorithm is its inherent com-
putational complexity (the LS solution involves in fact the inversion of the input signal
autocorrelation matrix). The use of a fractional delay element involves an additional com-
plexity that is not welcome.

These problems can be partially circumvented by using an integer delay element that
is not updated only in the direction of the least squares solution, as in a gradient-type
algorithm, but that selects a value that truly minimizes £(n) at each iteration, within a
finite set of possible delay values. This type of joint algorithm computes the two estimates
such that they correspond to the joint LS solution at each iteration.

In this chapter, two new joint delay and reference filter tracking algorithms of this kind
are proposed. One is based on the Type I configuration (the adaptive delay is located before
the adaptive filter) and the other assumes a Type II-DRB adaptive system (the adaptive
delay is located in the reference branch). Define the integer time delay as a time lag and
denote it by £. Then, the error e(i,d;) in (5.1) can be expressed as

e(i,d;) = e(i,f)
=r(i)-wH(n)u(i - €)  Typel, | (5.2)
=r(i+£)— wi(n)u(i)  Typell - DRB.
For an adaptive filter with a given number of taps M, define the minimum sum of weighted

squared errors £7(n) as

bu(m) = min £(n) (5.3)

w(n),

where the minimization with respect to £ is accomplished over a finite set of lag values.
Then, for a given value of £, define the minimum sum £p7,(n,¢) as (compare with the
definition of £,(dy) in equation (3.39))

Euo(n,£) = min E(n). (5.4)
w(n)
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The weight vector for which this minimum is attained is defined as w4, (n). If the adaptive
delay d; is not equal to the reference delay D, for all 4, the sum of errors £y,(n,ds)
is not minimum with respect to d, unless the adaptive filter length is large enough to
accommodate both the modelling of the reference filter h(n) and the reference delay (i.e.
M is large enough such that the delayed optimum adaptive weight vector is not truncated).

The RLS algorithms derived in this chapter exploit the data structure in order to
compute the adaptive weight vector and the lag value, within a finite set, corresponding to
the joint LS solution. In order to perform such a task, the sum of squared errors éMo(n,f)
is computed for each value of £ in the set of interest, and the delay value corresponding to
the lowest value is retained. The set of possible delay values is chosen to be {£—1,£,£+1}.

The joint LS lag estimation and adaptive filtering algorithms can be cast into the

following general algorithmic form

1. Apply the Recursive Least Squares (RLS) algorithm in order to obtain ﬁ'ﬁl(ﬁ) and
éMo("we)

2. Adapt £ by using derivative information from £7,(n,€) and update v‘vﬁ,[(n) and
EMo(n’e)'

Conceptually, the first part of the algorithm can be implemented by using any of the
computationally efficient forms of the RLS algorithm, and the second part can be imple-
mented as a gradient search, with respect to £, of £ 47, (7, £). The gradient can be given, for

example, by

“ 1 if EMO(T"az +1)< éMo(nse) and EMo(nse +1)< EA{O(n7£ -1)
ouolinl) 11 it bygo(na = 1) < Eago(m,0) and Eygoln £- 1) < Euolm,t4 1)
0 otherwise,
(5.5)

and the lag value updated as

_ aéMo(nJ)

where (-) denotes a form of time average and @ is a positive constant t

! The constant = is taken to be equal to one in the rest of the thesis. It is explicitly shown in the lag-
update equation in order to relate this equation to the SD delay adaptation algorithm of the previous
chapters.
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Another form of lag update can rely on a time average of the sum of squared errors,

i.e. the derivative can be implemented as

1 if (Engo(n, £ + 1)) < (Eao(n, ) and (Epro(n, €+ 1)) < (Eprolm, € — 1)

A€ pro(n, t e a . < .
Buelied) _ 1 i Eagoln, £ = 1) < (Eago(m,0) and (Eagolm = 1) < (Earolns €+ 1)
0 otherwise,
(5.7)
and the lag value updated as ) .
¢ = 0 4 2ol 6) (5.8)

oL
This form of joint RLS algorithm is significantly different from the joint LMS and

SD algorithms, since it relies on the ability of the adaptive filter to model a delay. The
integer delay (lag) estimation is performed by extracting the time shift information from
the adaptive filter, in order to keep it “centered” to the nearest sample. The fractional part
of the reference delay is still modelled by the adaptive filter. Note that £ does not carry
a time index because, in the RLS algorithm, it is assumed that the signals are stationary
within the memory of the algorithm (defined by 3), which implies that £ applies to all the
previous data. Note also that when £ is updated, v‘vfw(n) must also be corrected, in order
to obtain the joint solution of (5.3).

In order to compute (5.5) or (5.7), the optimum weight vectors for lags £+ 1 and £~ 1
must be available. This extra information can be obtained by computing the RLS algorithm
two more times, in a parallel fashion. This implies an increase in both the computation
count and in the storage requirement. Another method of doing the same thing consists
in applying the RLS algorithm once, and in deriving the extra information from this single
application. This method is made possible by using a set of lag-recursive relations, for
the two types of adaptive system considered in (5.2), that allow the ezact computation
of Epro(n, €+ 1), Epro(n, € = 1), v'vﬁ'}'l(n) and v‘vﬁzl(n) from the knowledge of wﬁl(n) and
Euo(n,£). These lag-recursive relations are derived in this chapter as functions of variables
encountered in the different forms of fast transversal LS adaptive filters [62], [61], and are
naturally appended to these algorithms. The original form of the lag-recursive relations was
derived by Kalouptsidis et al. [63] and is extended in the next sections.

The main contributions of this chapter are twofold. Firstly, a new geometrical derivation
of the lag-recursive equations, for both £ys,(n,€) and v‘vfw(n), is performed in Section 5.3.
The relations derived in [63] are based on a fixed block of data, while their on line coun-
terpart was first presented in [42]). The second contribution is the description of a new
joint time delay estimation and adaptive RLS filter, in Section 5.4. The effects of the delay

estimation on the RLS algorithm, in steady-state conditions, are considered in Section 5.5.
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Finally, note that every explicit derivation presénted in this chapter is for a Type II-
DRB adaptive system configuration in cancellation mode, of the form of Figure 3.2. The
reason for this fact is that the Type II-DRB system is the most practical of the two forms.
An integer-value adaptive delay element before the adaptive filter (as in Type I) implies
that the whole set of RLS filter recursions is function of £ (for a list of these recursions, see
Appendix F), and that this entire set has to be updated in the case of lag update. This
increases considerably the algorithm computational complexity. In practice, it is preferable
to assume that a slowly varying reference delay is present in the reference branch and to use
a Type II-DRB adaptive system in all cases. The lag-update relations for a Type I adaptive

system will be given and discussed, but they are not the main focus of the chapter.

5.2 Background Theory

In this section, some definitions and notational conventions are presented, along with
some geometrical considerations. This background material is used, in the subsequent
sections, to derive the lag-recursive relations and to link them to existing fast transversal
filter (FTF) algorithms. Some shift invariance properties and common recursions used in
the RLS algorithm are discussed in Appendix E. The FTF algorithm that will be considered
is discussed in Appendix F.

5.2.1 Notation and Definitions for a Type II-DRB Configuration

In the prewindowed weighted recursive least squares adaptation algorithm for adaptive
transversal filters of order M, the index of performance to be minimized, at iteration n,

and for a lag £ in the reference data, is

n
E(n) =) A" ey (5, 0%, (5.9)
1=1
where the a posteriori estimation error is defined by
en(5,0) = r(i + ) — wi¥ (n)upe(9), (5.10)
with
wpr () = [u(d), w(i=1),...,u(i—- M+ 1)]T

¢ 14 £ £ T
wir(n) = [wip(n), wypr(n), . .., wigpr ()]
Note that the prewindowed method assumes that the data is zero prior to iteration n =1

(5.11)

[7]. Define also the a priori estimation error ays(¢,£) as
ap () = r(i + £) = wif (n - Dupy(i). (5.12)
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Another set of vectors can be defined in the complex vector space C® of order n. The

n-vectors U(n), D¢(n) and Efw(n) are defined as

U(n) = [u(n),u(n - 1),...,u(1)]T (5.13)
Dé(n) = [r(n + €),r(n+€-1),...,7(£+ 1)|T (5.14)
Ejy(n) = [ep(n,0),ep(n — 1,8),..., epr(1, 01 (5.15)

The vector shift operator z—J is defined in C* by
2~IU(n) = [u(n - j),u(n—j -~ 1),...,u(1),0,...,0]T € C™. (5.16)
Then, the matrix A(n|i, M) is defined as
A(nli, M) = [z7'U(n), 27" U(n), ..., 2~ MU(n)], (5.17)

and the vector subspace spanned by the columns of A(n|:, M) as S(n|:, M).
The deterministic autocorrelation matrix is defined as (using the notation in [7])

n

By(n) =Y B uy (i)l (d), (5.18)

1=1
and the deterministic cross-correlation vector with lag £ as

n

B(n) = B upy (4)r* (i + ). (5.19)

=1

The least squares weight vector at iteration n, for lag ¢, is
wi(n) = 83 ()0 (n), (5.20)

and the corresponding minimum of squared errors is

n
Ero(n,0) = min(n) = 3 6" [r(i + ) — Wi (m)upr (5). (5.21)
=1
Note that the data is assumed such that the deterministic autocorrelation matrix is non-
singular.
Denote the optimum weight vector for the one-step forward linear predictor of order m
as am(n). This vector minimizes the sum of weighted forward a posteriori prediction-error

squares, defined as
n

Fn(n) =Y " fm()I, (5.22)

1=1

.99 -



where
Fm(3) = u(@) — al(n)um(i - 1). (5.23)

The forward a priori prediction-error 7y, (3) is defined as
Am(8) = w(i) - aZ(n - um(i - 1). (5.24)

Similarly, the optimum weight vector for the one-step backward linear predictor of order m is
the vector byy(n) that minimizes the sum of weighted backward a posteriori prediction-error

squares, defined as
n

Bm(n) =Y 8" bm(i)]?, (5.25)
i=1
with
bm(3) = u(i — m) = b (n)um(3). (5.26)

Then the backward a priori prediction-error ¥, (¢) is defined as
Pm(3) = u(i = m) = bE(n = Dun(i). (5.27)

Define the vectors E{M_l(n) and Elj'w_l(n) as

Bl () = [fy—1(n), fara(n = 1), fyr—a (DT (5.28)

Eb_1(n) = [bar—1(n), byr—1(n = 1),...,bpr 1 (1)]T. (5.29)

5.2.1.1 Shift Invariance Properties

In a geometrical framework, it is noted that the subspace S(n|0, M —1) can be expressed

either as
S5(nj0,M - 1) = S(n|1,M - 1) ® U(n), (5.30)
or as
S(nj0, M - 1) = §(n|0, M — 2) & z~M+1U(n), (5.31)
where the operation @ stands for the direct sum operation. Note also that
S(n|1, M = 1) = span{z~1U(n), z-2U(n),. .., 2~ M+1U(n)}
= spé,n{U(n - 1),z70(n - 1),...,2=M+2y(n - 1)} (5.32)
=5(n~-1/0,M - 2)

and that
Din)=[r(n—14+€+1),r(n—1+¢),...,r(¢+1)}T e C”

=DV -1y  re+1)T.
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5.2.2 Notation and Definitions for a Type I Configuration

In the Type I configuration, the notation is complicated by the fact that the adaptive

filter input u(n) is a function of the delay £. The input data vector is
why(8) = [u(i~ ), u(i-1-20),...,uG— M +1-0)]T (5.34)

and the errors are defined as

en(i,0) = r(s) —whff (n)ul(9)

(5.35)
ap(i,t) = r(i) = wif (n - ufy(9).

Note that, as in Chapter 3, each input sample in ufw(n) experiences the same delay £. The

data vector is not a function of £ and is
D(n) = [r(n),r(n = 1),...,7(1)}T. (5.36)

All the quantities defined in Subsection 5.2.1, and that are functions of u(n), are now
functions of £. These quantities are Af(nli, M), S¢(nji, M), Qﬁl(n), FE(n), fE(1), nk.(3),
BL,(n), b4,(3), ¥k, (3), 5 _ (n) and EB_,(n).

5.2.3 Geometrical Considerations

This subsection presents some definitions and considerations about projection operators
in a Hilbert space. This projection operator formalism is used to derive geometrically the
lag-recursive relations.

First, an inner product is defined in C® (C™ exhibits an increasing dimensionality n).

The inner product between two arbitrary vectors x and y is

<x,5>=xAW,y

n . 5.37
= Z ,Bn—iz,:yi, ( )
1=1
where the weighting matrix is
W, = diag[g"~!,6""2,..., 6%, 6,1]. (5.38)
Defining the norm of a vector x as
lIxll = (< x,x >)1/2, (5.39)
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each n-dimensional vector in C" with finite components has a finite norm and C® is a
Hilbert space [2] . Denote the projection of a vector x onto a subspace S as Pgx. The

orthogonal projection of x onto subspace S is written as
Pé‘x =x-Pgx, (5.40)

and is the error vector between x and its projection on S. The projection of the vector y

on the vector x is
<X,y>

Pyy = —20"x. (5.41)
1l
Two order updates for the projection operators are useful. They are based on the fact
that the vector space spanned by a subspace S and a vector x not in S, denoted S U {x},
can be decomposed as [2]
Su{x}=S5® {Psx}, (5.42)
where the notation {v} denotes the vector space spanned by v. Since § and {P#x} are

two orthogonal subspaces, the following order updates can be derived from geometrical

considerations
Psuxy =Psy + PipLyy (5.43)
Pfls;u{x}y = P%y - P{péx})ﬂ (5.44)

The linear least-square estimate of D¢(n), given the vectors U(n), 2~ 1U(n),.. .,z M+1U(n),
is defined as the linear combination of those vectors which is closest to D¢(n) in the LS sense
(2]. The optimum weight vector v“vfw(n) is therefore the vector minimizing the norm of the-
error vector Ef ¢(n), ie., for a Type II-DRB adaptive system, the vector whose coefficients
minimize

£(n) = ||Ef (n)llz—llDe(n)—Zw (m)2~ =1 U(n)|%. (5.45)

The optimum LS estimate D%(n) is the projection on the subspace S(n|0, M — 1) of the

vector D¢(n) (2]. Then, from (5 45), the following two projection equations emerge
D(n) = Zw‘* (n)z=(=DU(n) = Pg(ny0,5r-1)DX(n) (5.46)

Note that

Di(n) = Ew (n)z=0=DU(n)

1=1

= A(n|0, M — 1)w§}(n).

t Strictly speaking, a Hilbert space is an inner product space that is complete (64]. The vector space C™
satisfies this condition, i.e. every Cauchy sequence of vectors converges in C™.
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5.3 Geometrical Derivation of Lag-Recursive Relations

For a fixed block of data, it is possible to derive a series of recursions that compute
the least sum of squared errors and the optimum LS weight vector at every possible lag,
from the current values at lag £. These recursions are derived, using veétor and matrix
manipulations, in [63].

Fast RLS adaptive filter algorithms can be derived using geometrical arguments. Cioffi
and Kailath [61] derive the fast transversal filter using a geometrical method and Alexander
[65] gives a tutorial review of the same subject. Another very good geometrical derivation
is found in [2] and will be relied upon in this section. Lag-update relations are similarly
derived in this section, for on-line computations of £p1o(n, £+1), Ex7o(n, €~ 1), v‘vﬁ}l(n) and
v“vﬁ'{‘l(n) from £7,(n,£) and wﬁl(n) In order to perform this new derivation, the projection
operator formalism presented in Section 5.2.3 is used.

A first series of recursions, in term of the lag ¢, is derived for the computation of
Erro(n £+ 1) and &47o(n, £ — 1), from £pro(n,£). A second series allows the computation of
v“vﬁ‘}'l(n) and v‘qul(n), from v“vfw(n). An alternate derivation is given in Appendix G and is
based only on matrix manipulations.

The lag-recursive relations are first derived for a Type II-DRB system, because the
derivation is simpler and gives results more readily applicable in practice. The lag-updates
for a Type I configuration can be derived the same way. They are given and discussed in
Subsection 5.3.2.

5.3.1 Derivation for a Type II-DRB Configuration

The derivation is first performed for the sum of squared errors. It is followed by a

similar derivation for the LS weight vector.

5.3.1.1 Recursions for the Error

Using (5.30) and (5.44), (5.47) can be expressed as

E}4(n) = P51, p-1)D () - P {Pé(nn,M-l)U(n)}Dt(")' (5.48)

Then, making use of (5.32) and (5.33),

L 0oy ‘
PS(ain,u-1)D(n) = P-é.(n—llo,M—Z)D n-1)

5.49
= Eﬁ'}'il(n -1). (549)
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Furthermore, the order M — 1 optimum LS one-step forward prediction of u(n) is obtained
through the projection of the vector U(n) on the subspace S(n|l, M — 1) and the forward

error prediction vector E{M_l(n) is given by
Efg-1(1) = P3ap1 a1y V(). (5.50)
Equation (5.48) can then be written as
Ef(n) =EYL (n-1)- PE/M-X(n)Dl(n). (5.51)
Using (5.41), the following expression is obtained

<E1fw 1n)D(n)>

P Di(n) = E4,_.(n). (5.52)
- 1By (w12
From the definition of the inner product (5.37), it is found that
, n '
< By (n),DYn) >= 57 £y ()r(i + ). (5.53)
1=1

Define ”1{;-1 (n) as the complex conjugate of the inner product of the forward error predic-

Also, referring to (5.22) and (5.28), it is seen that (using (5.37) and (5.39) for the norm
definition)

B (I = Fagr(n). (5.55)
Then, (5.52) can be written as
fes
Py D)= %E{l_l(n). (5.56)
Using (5.56) in (5.51) gives
¢ ¢ ol (n n) o f
Ey(n) = Eﬁil(" -1)- m M—-1(): (5.57)
Noting that
B4 (m)II? = Eprolns £), . (5.58)

and taking the squared norm on both sides of (5.57), and because the vectors Eﬁl(n) and
Py D{(n) are orthogonal (see (5.30), (5.48) and (5.51)),
m-1(7)

loff _, (n)12

Fy-1(n) ’ (539

Emo(m,€) = Epp)oln = 1,E+1) —
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which is the first recursion of interest. It gives E(M_l)o(n ~1,£+ 1) in terms of &p7.(n, £).
A relation linking é(M_l)o(n,Z + 1) to £ps0(n, £ + 1) can be derived in a similar way.
First, write (5.47) for £+ 1

ESF (1) = PSiajo 111D (n). (5.60)

Then use (5.31) and (5.44) to write (5.60) as

ESFH(n) = P3ap0,m—2) m(")‘P{Pg(n,o,M_z)z-M“U(n)}DM(")' (5.61)
Noting that
Pé(n\O,M—2)De+l(n) EffLi(n) (5.62)
and that
Pﬁls'(n[o,M-z)z—M“U(”) = Ejy_1(n), (5.63)
then
E4f(n) = B4 (n) - P%_l(n)nfﬂ(n). (5.64)

Proceeding as in (5.52)

ESy_1(n),D¥(n) >

+1,,, _ <
which, defining v (£+1)*(n) as
’Ug(jj-ll)*(n) =< E?\J—l(n)’nﬁ-l(n) >, (5.66)
can be written as
41 oD (),
Py, D" (W)= g B (n). (5.67)
Then, (5.64) becomes
b(l+1)t( )
Eff'(m) = EjfL,(n) - 5= S Bl (n), (5.68)

and taking the squared norm on both sides of (5.68), and using the orthogonality of Eﬁ‘}l(n)
and Elj’w_l(n) gives

‘ b(f+1)(n)|2
By_y(n) ’

which is the third required recursion. It links E(M_l)o(n,l +1) to £pr0(n, £+ 1).

EMo(",f +1)= E(M_l)o(n, £+1)- (5.69)
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Pictorially, these derivations can be performed with the help of Figures 5.1 and 5.2.
The subspaces S(n|1, M — 1) and S(n|0, M — 2) are represented as one-dimensional vector
spaces. Then, the subspace S(n|0, M — 1) is the two-dimensional vector space spanned
by U(n) and §(n|1, M — 1) or the one spanned by z=M+1U(n) and S(n|0, M — 2). The
vector E‘jfw_l(n) is orthogonal to §(n|1, M — 1) and links the latter to U(n), while Efu(n)
is orthogonal to §(n|0, M — 1) and joins D¢(n). The error vectors Elj’w_l(n) and Eﬁ'}'il(n)
are similarly represented in Figure 5.2. Then, the orthogonal equations (5.51) and (5.64)
are obvious from the figures.

Finally, a time update recursion is necessary for E(M_l)o(n —1,£+1). This recursion is
common and can also be derived geometrically, although it requires more work than for the
above recursions [2]. It is derived using matrix manipulations in Appendix G and involves

both the a priori and a posteriori estimation errors. The recursion is

E-1)o(m 8+ 1) = BE(pr_1)o(n — 1,8+ 1) + oy _1(n, £+ Deyr_a(n, £ +1).  (5.70)

Collecting (5.59), (5.70) and (5.69), the recursions for computing &xs(n,€ + 1) from
Epo(n, {) are

31, (m)I2
Fpr_1(n)
Em-1)o(m € +1) = BEy_1)o(n ~ L, L+ 1) + oy _y(n, €+ Lepr—1(n, £ + 1X5.72)

i D ()12

By-1(n)
Using the above expressions in reverse order gives the backward computation of the error.
|vfg_1 (m)1?

Byr-1(n)
EM-1)o(n = 1,8) = B pr_130(n,0) = B g1 (m, Oepr—1(n, ) (5.75)

-1
o ()]
Fya(n)

Ep—1)o(n = 1,8+ 1) = £pro(n, €) + (5.71)

Emo(ms+1) = Epr_)oln, £ +1) - (5.73)

E(M—-l)o(nie) = éMo(n»g) + (5.74)

EMo(nag - 1) = E(M—l)o(n - 1’e) - (5'76)

5.3.1.2 Recursions for the LS Weight Vector

Figures 5.1 and 5.2 can also be used to perform the derivations of the weight vector

recursions. From Figure 5.1, the following equation is obtained

A(nj0, M - D)w45(n) = A(n — 10, M - 2)#F )" (n - 1) + Py oDim),  (577)

1
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ES (n-1)

/ E{u—l(")

S(njl,M —1)=S(n-1{0,M - 2)

Ef(n) =E§! (n-1)-P D¢(n)

E{W—l(n)

Fig. 5.1 Geometrical interpretation of (5.51)

/ Ef1(n)

S(nj0, M - 2)

Eff'(n) =B{f1,(n) - Py _ (D (n)

Fig. 5.2 Geometrical interpretation of (5.64)
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where
A0, M - 1)W§i(n) = Ps(a)0,1-1)D¥(n) (5.78)
and
Afn - 110, M - 2% (0 — 1) = Pg(a_yj pr—2) DE(n). (5.79)
Using (5.52) in (5.77) and noting that
Ef,_,(n) = U(n) ~ A(n ~ 10, M - 2)a}_(n), (5.80)
the following expression is obtained
A(n]0, M - 1)wfy(n) =

< E';/I—1(n)’ Dé(n) >

A(n—-1{0,M ~2)w{E ) (- 1)+ [U(n) - A(n— 1|0, M = 2)a%,_, (n)].

Fy-1(n) (5.8
This equation can also be written as
Y (m)U(n) + A(n - 1]0, M - 2) [w (M) M-1=
Fox fes
vir_(n) | vy ()
An-10,M~2 w(”l)*n—l—a*_ n)M=1 M1 n), 5.82
( l ) M-1 ( ) M 1( )FAI-I( ) FA/I l(n) ( ) ( )

where |v]pr_; stands for the vector made of the M — 1 last components of the vector v.

Equating similar terms, the following recursion is obtained

WL (r = 1) = (Wi (R)] a1 + apy 1 (n)] (), (5.83)
along with
ft
- va-1(7)
wiyg(n) = ————. 5.84
].M( ) FM—].("’) ( )
Equation (5.83) is the recursion linking wM(n) to we‘*'1 J(n=1).
Similarly, from Figure 5.2, the following is obtained
IR T (52 ) LT  oye (LH1)s €+1
. < B4 _.(n),D*)(n) >
= A(n|0, M — 2)w\5F D" (n) 4 —H 1(n) ( E}_,(n)

Bp-1(n)
= A(n|o, M - 2)w{57)* (n)

ARG )[ ~MA1y(n) - A(n]0, M - 2)bY,_;(n)].
By—1(n) M-1

(5.85)

+
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Write (5.85) as

A(n|0, M = 2% E D ) ag oy + 2~ MUyl D () =

(41 v 1 ()
A(nl0, M - 2) |4 (n) - —M——inM_l(m

b(£+1)*( n)

m 'M+]U(n), (586)

where [v“vfw(n)'l M—1 is defined as the (M — 1)-vector corresponding to the first components
of v‘vfu(n) and @,/ (n) is the M** component of the same vector. Equating similar terms,

the following equations are obtained

vb(e+1)( )
Wil (n) = TBA%ET) (5.87)
[Woti(n)] oy = Wi (n) = @45 ) (n)bgr_1(n). (5.88)

Then, by combining these two equations, a recursion linking we'*'1 ,(n) and v‘vﬁ'}'l(n) is
obtained. It is

.t 41 LD A T Zbar i (n
#ifi(n) = [:M—l(")} =1 () [ -l )]. (5:59)

Byr—1(n)
The recursion necessary to link (5.83) and (5.89) is a common time update recursion and

involves the Kalman gain vector gps_1(n) and the a posteriori estimation error eps_1(n,{+
1) and is 7]

Wil () = w4l (n— 1) - B 'gpr1(n)epr a1 (n, £ + 1) (5.90)

Collecting (5.83), (5.90) and (5.89), the set of recursions for the upward weight vector

computation is

Witli(n = 1) = Wi (n)] -1 + apr—1 (R p(n) (5.91)
Wil (m) = Wifl (n - 1) - S em—1(n)er—1(n, £+ 1) (5.92)
0+1 b(£+1 _
iy = | ) e () OF (5.93).
M 0 By—1(n) 1
Using the upward recursions in reverse order, the following two down&ard recursions are
obtained
Whr_a(m) = [why ()l aro1 + by 1<n)wﬁm< ) (5.94)
0 of )(n)
wirl(n) = {.z } +7£"—1—(n)- : (5.95)
Wir-1(n—1) M-1 - ap-1(n)



5.3.2 Lag Recursions for a Type I Configuration

Following a procedure similar to the previous one, the following set of lag-update re-

cursions for the error and for the LS weight vector can be obtained.

5.3.2.1 Recursions for the Error

fe 2
Em—1)0(ns £+ 1) = Epro(n, €) + % (5.96)
[vb(£+1)(n)|2

Eo(ns €+ 1) = Epr_yyo(n, £+ 1) - (5.97)

Bﬁ;'ll(n)

Using the above expressions in reverse order gives the backward computation of the error.

bé 2
§M-1)o(m: ) = Epo(n, €) + ‘v—j‘ﬁ‘% (5.98)
1
: ; o ()7
£-1)= ¢l —-——-, .
§M0(n’ ) g(M—l)o(n’ ) Fi{_ll( ) (5 99)
5.3.2.2 Recursions for the LS Weight Vector
WL (n) = [Why(n)] a1 + a1 () (n) (5.100)
witl (n) b(l+1)( ) — pét! (n)

Wty = | V7! M=t 5.101).
Wy (n) L }+ B () (5.101)

Using the upward recursions in reverse order, the following two recursions are obtained

why_1(n) = [Whe(n) o1 + b1 (R)Bg 40 (n) (5.102)
0 £(¢=1)y T1
Wirl(n) = [ } +f”§:—}(f—) [ , } . (5.103)
Wwhr_1(n) Fyoi(m) | =afgl (m)

Note that the main difference in the lag-update relations between the two types of
systems lies in the fact that no time-update equations as (5.72), (5.75) or (5.92) is required
in the Type I relationships.
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5.3.3 Discussion

Recall that the on-line lag-update recursions can also be derived using matrix manip-
ulations, as it is performed in Appendix G. It is interesting to relate the properties of each
of the two approaches. For the matrix manipulations derivation of Appendix G, the key
equation is the shift invariance (E.4) given in Appendix E in which a lag £ cross-correlation
vector is partitioned in terms of a £ + 1 cross-correlation vector. In the geometrical ap-
proach, the key equation is (5.33) and relates a lag ¢ desired response vector to a lag £ + 1
desired response vector. In both cases, the lag ¢ 4+ 1 vector is given for time n — 1 and
involves (M — 1)-order prediction (see (E.4) and (5.49)). Therefore, time update and order
update relations are necessary steps in the lag update, for a Type II-DRB adaptive system

configuration. In the case of a Type I system, the key relations are

[ 854(n)
o (n)= | 1 (5.104)
T o4 ()
since
b0 1= (5.105)
wis(2) = , .
M e
and
St(nj1, M - 1) = §1(n|o, M — 2), (5.106)
since
Ul(n - 1) = Utt1(n). (5.107)

These relations show that, in the Type I case, M —~ 1-order predictors are still required, but
that the time n — 1 is not involved anymore.

The geometrical derivations give a picture of how the (M — 1)-order predictors get
involved in the algorithm. Considering Figures 5.1 and 5.2, if an initial relation starting
with E4/(n) (or £p10(n, £)) is required, it is natural to express it as a function of Eﬁ}'ll(n)
and El{l-l(")' Similarly, it is natural to express the required vector Eﬁ'}'l(n) in terms of
Ei‘}'ﬁl(n) and E?M_l(n). This gives a relation involving the error for the current lag ¢
and another involving the error for the updated lag ¢ + 1. The relation linking these two
equations nicely involves the time update of Eﬁ“}'_l_l(n — 1) in the Type II-DRB case and no
time update in the Type I case. Such nice and simple interrelations between the variables
of the algorithm do not seem to exist for M-order predictors.

Note that the lag-recursive relations, for both the errors and the weight vectors, mostly
involve parameters and quantities that are computed by the FTF algorithm (see Ap-

pendix F). One major difference resides in the order of the predictors, which is M -1
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in the lag-recursive equations. But the FTF can be redefined easily for (M - 1)-order

predictors, as indicated in the next section.

5.4 Joint Time Delay Estimation and Adaptive RLS Algorithms with
the Lag-Recursive Relations in Type II-DRB Configuration

Based on the error and weight vector recursions developed in the previous section, dif-
ferent variants of joint time delay and FTF algorithms can be obtained. These algorithms
are composed of three distinct computational phases. The first phase is essentially the pre-
liminary computations phase of the FTF algorithm, given in equation (F.1) of Appendix F
for M-order predictors. In the joint algorithm, this order is changed to M — 1. The second
computational phase involves the computation of the current weight vector wﬁl(n) and the
computation of the three errors &y10(n, ), Ex0(n, £ + 1) and &pgo(n,€ — 1). These com-
putations are performed by using the lag update recursions for the error and the weight
vector. In the joint algorithms considered in this chapter, the computation of v"vﬁ;[' 1(n) and
E1o(n, £—1) is first performed, using the usual FTF equations. Then the upward lag recur-
sions for both the error and the weight vector are used twice, in order to get the errors for ¢
and £+1 and the weight vector for £. These successive applications of the upward recursions
produce the least number of computations, compared for example to the application of the
upward and downward recursions on the error and weight vector at lag ¢. This choice also
simplifies the third computational phase, which involves a decision on the lag update and
the computations of the new corresponding variables.

The joint algorithm is given only for a Type II-DRB configuration, since the corre-
sponding algorithm for a Type I system can be expressed in a straightforward manner.
Note however that when the lag gets updated in the latter system, the variables involved
in the preliminary computations phase have to be updated also. This produces a seri-
ous increase in the computational complexity and makes the joint Type [ system not very
appealing in practice.

Schematically, the preliminary and error computations phases of the algorithm can be
represented as in Figure 5.3, where six -pa.ra.]lel digital filter are represented. The top three
filters are essentially the same as the ones used in the conventional fast transversal filter {61],
(7], except for the difference in predictors order (compare Figures 5.3 and F.1). The fourth
filter is for the computation of £ps(n, £~ 1) and fvﬁ;l(n —1). Notice that E(M—l)o(n -1,¢)
is also obtained from that filter, using (5.71) and (5.84). A fifth filter, with weight vector
\‘vfu_l(n— 1) obtained from (5.91), is used to obtain ”%—1 (n), from which E’Mo(n, f), wa(n)
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and é( M-1)o(n, £+ 1) are computed. Finally a sixth transversal filter, with weight vector
v“vﬁ'}'il(n — 1), is used in the computation of vg(ffll)(n) and £pro(n, €+ 1).
The joint algorithm, based on Fig. 5.3, is given in the next subsection. Parts a) and

b) of this algorithm correspond to the figure, while part c) constitutes the lag update

section. The decision about this update may involve the time average of the sum of squared

errors, as indicated in Section 5.4.1, or another form of average. Note that in the case of
positive update, in (5.113), only a simple transfer of information from £ + 1 quantities to

¢ ones and the reinitialization of certain variables, are required. In the case of negative
update, in (5.114), some intermediate computations, involving Oﬁzl(n) and Oeﬁz(n), are

necessary. These quantities are used with some of the backward lag-recursive relations, in

the computation of the new values of wﬁ;l(n) and £pp0(n, € - 1).

num-1(n)
ay-1(n—1) = fy_i(n)

FM_l(n)

Ym-1(n)

by-i1(n—1) == bp_i(n)

up(n) By-1(n)

gm(n) = ym(n) = 1a-1(n)

ap(n,£—1) -
wil(n—1) e em(n€=1) A
Emo(n, £—1) {EMq(n,L’) i
* — Em-1)0(n = 1,) —{m=1)0(n, £+ 1)

up—1(n) o (n—1) b= apm-1(n,f) wig(n)

i

em-1(n, ) — v¥5_,(n) Emo(n, £+ 1)

aM—l(nyz + 1)

em-1(n,£+1) — v;(ffll)(n)

Wﬁil(n - 1) =

Fig. 5.3 Interpretation of the lag £ - 1, £ and £ + 1 error
computations, in terms of transversal filters
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5.4.1 The Joint Algorithm for a Type II-DRB Configuration

a) Preliminary Computations

na-1(n) = u(n) - aff_(n— Dupg_y(n-1)
nm-1(n)

Tm-1(n—1)

ay—1(n) =ay_1(n-1)+ B8 lgyr_1(n = 1) f3_1(n)

Fy_1(n) = BFy_1(n = 1)+ ny_1(n) fy_1(n)

fm—1(n) =

gu(n) = " =) 1
gu—a(n-1)| 1= oy o
gm—1(n) = [gm(n)I -1 + gum(n)bpr_1(n - 1)
_ Inag—1(n)[?
7M(n) '7M—l(n_ 1)+ ﬂFM_ll(n— 1)

Ym-1(n) = gmm(n)Bpy_1(n - 1)

va—1(n) = yur(n) = B~ aprar(n)9hy_1(n)
Ppr-1(n)

TM-1(n)

bar—1(n) =bpy_1(n— 1) + B gp_1(n)bly_1(n)
By_1(n) = BBy_1(n— 1)+ dpy_1(n)bly_(n)

b) Errors and weight vector computations

by—1(n) =

Extra recursions for update smoothness

047 (n) = SO (n = 1) + upr(n)r*(n + £~ 1)
0472 (n) = B85 %(n ~ 1) + ups(n)r*(n + £ - 2)

Lag £ — 1 computations

ap(nt—1) = r(n+£—-1) - %D (0 - Duy(n)
apy(n,f-1)
Tum(n)
wirl(n) = #i7'(n - 1) + gy (n)ely (n, £ - 1)
Ero(n € —1) = BEyo(n—1,£~1) + ajy(n,€—epy(n,€—1)

em(n,£—-1)=
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Lag ¢ computations

Whya(n = 1) = [ ()] gy + apa(m)wipi(n)

ay-_1(n,)=r(n+14) - Wﬁfl_l(n = Duzr_q1(n)
aM—-l(n’f)
YM-1(n)

Wio1(n) = Wi (n = 1) + B gar 1 (n)efy 1 (n, )

vhf_1(n) = Bodi_1(n— 1) + Ypr_1(n)els_y (n.0)

al(m) = [Wﬁl—l(n)jl N Wb _ 1 (n) [ "bM—l(n)} (5.111)
0 By_1(n)

Epr-1)0(n = 1,6) = ago(n, £ = 1) + Fag 1 (n)|wi3f (n)]?

Em—1)o(1: ) = Bé(p—1)o(m — L, &) + vpr-1(n)lepr_1(n, )]

0571 (n))2
By—1(n)

eM—l(na Z) =

EMo(nve) = g(M—l)o(n')[) -

Lag €+ 1 computations

Wil (n — 1) = |Wig(n)] pr—1 + apr—1(r)wf ()

ap-1(n €+1) = r(n+ £+ 1) =) (0 - Duyr_y(n)

epr—1(n, € + 1) = ay-1(n,€+1)

Tm-1(n)
Wt (n) = WL (= 1) + B lgya(n)ely_y(n £+ 1)
D () = Bl (n - 1) + payr_i(n)ehy_y(m 04+ 1) (5.112)

Em=-1)0(m = 1, £+ 1) = Eypo(n, ) + Fyr_y(n)|wf p(n)f?

Ep—1)0(m £+ 1) = BEpr_1)o(n — L, £+ 1) + 1pr-1(R)lepr—1(n. € + 1)
| b(l+1)(n)|

EMo(n, £+ 1) = &y _yyo(n, €+ 1) - By
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c¢) Updates
If (Eafo(n, £+ 1)) < (Earo(n, £)) and (€p70(n, £+ 1)) < (Epro(n, £ — 1)) then

wirl(n) — wis(n)
EMo(n £-1) « gMo(nae)
o 1(n) = oy (m)
6472 (n) — 6471 (n) (5.113)
637 (n) = up(n)r*(n + ¢)
vi,(fjll)(n) =0
L—{+1
Endif

I (€ar0(n, £ = 1)) < (Epgo(n, €)) and (Epro(n, € = 1)) < (Epgo(n, £ + 1)) then

op T (m) — oy ()

”M () =1[- bM_l(n) 1]95;21(“)

P =1 - e s

f(M—l)o(n7£ -1)= gMo(n’Z -+ BM—l(n)lwﬁ;[—i{(n)F

wirli(n— 1) = TWig'(n = Dy—1 +by—y(n - Dwipie(n - 1)

[0 o [
Wy (n) = wili(n-1) +m ~au-(n)

. aio(n = L= 1) = B e agypo(m £~ 1) = 571 lufl_ (w4l (n=1) = r*(n 4+ € - 1)

TM-1(n)
Emo(n, € = 1) = E(py_1po(n = 1,6 - 1) - %(M—i)z—:;l—
837 (n) — 837%(n)
8472(n) = up(n)r*(n + € - 3)
it (5.114)

Endif ||

5.4.2 Discussion

The originality of the joint LS algorithm presented in Subsection 5.4.1 resides in the

serial computations, from Wﬁ; 1(n—1), of all the necessary errors and weight vectors for lags
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£ and £ + 1. One consequence of this serial approach is a reduction in the memory needed
to store the different quantities of interest. The lag-update recursions append themselves
nicely to the FTF algorithm of the form given in Appendix F. Note however that two
extra recursions (equations (5.109)) are necessary to ensure update smoothness when the
lag is updated from £ to ¢ — 1 (equations (5.114)). In this case, the quantities OKAzl(n) and
Oﬁzz(n) are necessary to update v%_l(n) and to compute vﬁ{__lz)(n) (necessary to update
Wﬁzl(n)). Note also that Olﬁjl(n), 0ﬁ}'2(n) and v?‘(ffll)(n) must be reinitialized in the case
of lag update (in equations (5.113) and (5.114)). These reinitializations constitute the only
approximations of the joint LS algorithm and are justified by the limited memory of the
algorithm (defined by 3). Furthermore, the reinitialization of the cross-correlation vectors
does not involve any of the algorithm’s internal variables since the input signal u(n) and
the reference signal 7(n) are the only variables used in these computations.

In contrast, the application of three parallel versions of the RLS algorithm, one for
each possible lag, requires the initialization of both the sum of squared errors and the
weight vector, when the lag is updated. The initialization must be done assuming zero
input data. This typically introduces an error in both of these quantities because their
computation involves the internal variables y;s(n) and gps(n) (see equations (5.110)), that
were obtained from a totally different set of initial conditions (non-zero input data). In
order to allow a smooth transition in the case of lag update, two extra parallel branches,
one for £ + 2 and one for £ — 2, must be computed, which gives a final parallel algorithm
involving five branches. This algorithm requires a fair amount of memory in order to store
all the previous values of the variables used in the errors and weight vectors computation
(equation (5.110)).

At the start of the joint algorithm, the internal variables of the FTF are initialized
ezactly as proposed by Cioffi [61], and the extra error and correlation variables are initialized
to zero.

Finally, it is a custom with fast RLS algorithms to establish their computational com-
plexity and to compare it to other types of algorithms. The complexity of the joint LS
algorithm can be compared here to the that of the simple FTF algorithm. As in [7], this
complexity is measured by the number of operations required to perform one iteration of the
algorithm. An operation is either a multiplication, a division or an addition/subtraction.
It is further assumed that all signals are real-valued. The operation count of the joint RLS
algorithm of Subsection 5.4.1 is presented in Table 5.1, along with the counts for the simple
FTF algorithm and for the parallel application of five RLS algorithms, in FTF form and in

LS lattice form. These figures concern only the first two phases of the algorithms, i.e. the
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preliminary and the errors and weight vectors computations phases. This choice reflects
the fact that in tracking mode, the lag update is expected to be performed after many

iterations, and therefore does not increase the computational count significantly.

Number of operations per iteration
Algorithm
Multiplications | Divisions | Additions/Subtractions
Simple
TM+6 9 6 M+3
FTF *
Joint
16 M+17 16 16 M+2
LS (5.4.1) ,
Parallel 15M+14 17 15M+5
FTF
Parallel 22M-7 11M-6 16M-6
Lattice

Table 5.1 Comparison between the computational complexities of the
ordinary FTF algorithm, the joint time delay and FTF
RLS algorithm of Section 5.4.1 and the parallel FTF and
Lattice algorithms.

This table shows that the joint algorithm is twice as computationally involved as the
FTF algorithm of Appendix F (with (M — 1)-order predictors). It also shows that the
parallel FTF algorithm and the joint LS algorithm are about as computationally intensive

and that the lattice-based parallel algorithm is much more computationally involved.

5.5 Analysis of the Joint LS Algorithm in Steady-State

The convergence of the two estimates produced by the joint LS algorithm is studied in
this section. In so doing, Assumptions 1 to 7 of Section 4.3 are retained, with the reference

delay D being equal to an integer number of sampling periods.

5.5.1 The Joint LS Algorithm in Type II-DRB Configuration

The algorithm is studied in two phases; the adaptive delay estimate is considered first,
followed by the adaptive filter analysis. The results are then used to obtain the excess

MSE produced by the joint algorithm. The next section does not give a full analysis of
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the LS delay estimation, but it points out the factors that influence the estimate mean and

variance. The adaptive filter analysis, in Subsection 5.5.1.2, is more complete.

5.5.1.1 Considerations about the LS Delay Estimator in Steady-State

Considering the joint algorithm of Section 5.4, the delay estimate is obtained by com-
paring the three random variables (€47o(n,€ — 1)), (Epro(n,€)) and (E4o(n,€ + 1)). A
typical form of the function (£3,(n,dy)) is illustrated in Fig.5.4. It has a minimum equal

to (€10(n, D)) and was obtained with the system parameters described in Section 6.2.

’ dn)) ~ &min» (X 10_3)

('fMo(n

Delay value d, — D (samples)

Fig. 5.4 Minimum sum of squared errors versus the continuous delay

Assuming that the adaptive delay is initially equal to the value ¢, the probability of
staying at this value is given by

Pye(n) = Pr{{{€p0(n, ) < (Epro(m €+ 1)} N {(Epo(ms ) < (Epro(ny£—1))}] (5.115)

and the probability of going from € to £ + 1 or £ — 1 is given respectively by

Pyes1)(m) = Pr{{{Epo(my €+ 1)) < (Epo(m€)} N {(Epo(my €+ 1)) < (Epo(my €= 1))}]
(5.116)

Pye-1)(n) = Pri{{€pro(n, £~ 1)) < Gpro(m )} N {{Epo(ns€— 1)) < (Epgolm, £+ 1)}
| (5.117)
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Because the variables £3,(n,€) are obtained from a first order difference equation
(equation of the form of (5.70)), the transitions from one delay value to the other can
be represented as a Markov chain [66]. The corresponding state-diagram has a state for
each possible delay value and the transition probabilities are computed as in (5.115) to
(5.117). The transition probability matrix is a band matrix, with nonzero entries on the
main diagonal and on the two adjacent diagonals. The transition probabilities are functions
of the input signal and noise statistics. Assuming, as in Chapter 4, that the MSE function
has a symmetrical global minimum at d, = D, and that there is no occurrence of false lock
on any local minimum, then the delay estimator is unbiased and its variance is a function

of the steady-state probabilities of being in the different states.

5.5.1.2 Analysis for the LS Adaptive Filter in Steady-State
From equation (F.2), the weight vector is updated as
Wir(n) = Wi(n - 1) + 87 'gur(n)ely (n, 0), (5.118)

where the Kalman gain vector is given in (E.16) and the error is defined in (5.10). Using

the matrix recursion (E.13), the weight vector update can be expressed as

whr(n) = BE3} ()@ pr(n - L)whe(n — 1) + 37 (n)ups(n)r*(n + £). (5.119)

Convergence in the Mean

Take the expected value on each side of (5.119) and assume, as in [33], that ®/(n) is
independent of ups(n) and r*(n + £) ¥. Assume also that, in steady-state, Qzll(n)‘bM'(n -
1) % I. Then

Elwfy(n)] = BE[Wie(n — 1)] + E[@3 ()] Elupg(n)r*(n + 0)]. (5.120)
From (5.18), the expected value of the deterministic autocorrelation matrix is
n
E[@p(m)] = Y 8" Elup(iNufi(i)]
=
' n
= RZﬂn-i (5.121)
1=1

gr -1

=R,3—l'

! This is an assumption difficult to justify, but its use by Eleftheriou and Falconer leads to useful results
[33].
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The expected value of the matrix inverse is then [34]

El#3i(n) = RS2
and (5.120) becomes
E[W}s(n)] = BE[Wig(n ~ 1)] + — R—IE[ n]

= B E[w4,(0)] + R—IE[pn].
Because 3 is lower or equal to one, the above equation converges to
: ) _n-l
lim_ Efi}y(n)] = R\ Elp,]
= Wopt + 1/2vssR_1i5(D)a

where equation (4.81) was used and the delay estimator is assumed unbiased.

The weight vector is therefore biased, with a bias vector given by
b = 1/30sR™1p(D),

as in the joint LMS algorithm.

Convergence in the Mean Square
Rearrange (5.119) as

@11 (n)Wy(n) = Byr(n ~ 1)ify(n - 1) + upg (n)r'(n + £),

and subtract the vector ® js(n)wopt from each side of (5.126), where
Wopt = R—lpnlfz—D-
The following update equation for the weight noise vector is then obtained
ny(n) = B (18 (n ~ Dy (n — 1) + 37 (n)up(n)es(n, ),
where the error is defined as
eo(n,£) = r(n + E) optuM(n)
The weight noise correlation matrix is then
Ky(n) = E[npr(n)mjy (n)]
=62 E(&3] (n)®11(n ~ Dna(n — Dniy(n — D@y (n - 1)&3(n)]

+ BE[#3A ()& pr(n - mg(n — Dufl (m)B34(m)eo(n, 0)

+ BEey(n, &3 (n)up(n)nfy(n — 1)@ p(n - 1)&37 (n)]

+ Elleo(n, )] ®}37 (n)upr(n)uf (n)234 (n)].

- 121 -

(5.122)

(5.123)
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(5.125)
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(5.127)
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Using the assumptions leading to (5.120), the second and third terms of (5.130) are ap-
proximately zero, because, by orthogonality principles, E{up(n)el(n,€)] ~ 0 [33]. The
correlation matrix is then of the form
Ky (n) ~ B2Kq(n — 1) + Elleo(n, €)1 E[@ 34 (n)ROTA(n)]. (5.131)
It is shown in {33] that the last expectation of (5.131) can be written as
E[®3}(m)R®3}(n)] = E[®3} (n)RE (n)R]R™?
~ (1-8)*E[(I-P(n))* R~} (5.132)
~ (1= B)*(1+ E[R*(n)hRT,
where P(n) is a zero-mean fluctuation matrix that manifests the fluctuations of the product
@Xll(n)R around the identity matrix I, and is defined as
P(n) = (1 - 5)R™1& y(n), (5.133)

where &/(n) is assumed to be a Hermitian perturbation matrix such that (using equa-
tion (5.121))
®y(n) = [‘I’M(n)} + ‘I’M(n)

_ Rﬁ (5.134)
8-
Note that the entries s;; of the matrix § = E[Pz(n)] can be computed as [33]
Sij z-l——g [z Rijvar{u(n —j+ 1)u*(n -k + 1)}R
e 13 P 1) kk
M (5.135)

+ Y RaEl(u(n—k + Du*(n - j + 1) — r)* R |,
i
where rj; and R;; represent respectively the entries of R and R-1,

The expectation of the error squared in (5.131) is

Elleo(n, O)I%] = El&o(0)], (5.136)
where &(f) is defined in equation (3.39) and the expected value in the right hand side is
taken with respect to the delay value. Collecting (5.131), (5.132) and (5.136), the update

equation for the correlation matrix is

Ky(n) ~ 82Ky(n - 1) + (1 - B)X(1+ E[P¥(n))R™LE[£0(0)]

2 2 -1 9 (5.137)
~ B Ky(0) + 1+ﬁ(1+ E[P*(n))R™E[6(O))(1 - 57)
Letting n tend to infinity and using equation (3.57), the steady-state weight noise correlation
matrix is
1 -
K'I ~ T:%(I + E[Pz(n)])R 1[é.mm + 1/2vssfmm] (5.138)
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5.5.1.3 Excess Mean-Squared Error and Misadjustment with the Joint LS

Algorithm

Proceeding as in Subsection 4.3.1.3, the excess MSE is given by
€ss = &min + Ussémin/Q + E[nann]'
The last term of (5.139) is given by
T —
Eln, Ran] = tr{KyR],

which gives, using (5.138),

E[TR7] = tofl + EPX(m)]1 -2 (6rin + VovesEminl-

1+ 4

For Gaussian signals, the trace in (5.141) was computed, in [33], to be
tr{l + E[P%(n)] = M,

and (5.139) becomes

€ss = €min + vsSémin/2 + i_;gM[Emi“ + 1/21’552min]-

Therefore, equation (4.121) applies with {gx defined as in (4.122) and

E{ - (1 - ﬂ)Mfmin
€ex 1 +,B

df _ (1- ﬁ)MvSSEmin
ex 21+p8)

The misadjustment expression is like equation (4.125), i.e.

M =M+ M4 pmd

= M3+ mE 4 mMIME,

where M is as in (4.126) and

f_ (1-8)M

M= 1+p
and .
Mdf = (1 - ﬂ)M'vszmin
2(1 + ﬂ)&min
= mMimt,
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5.5.2 The Joint LS Algorithm in Type I Configuration

The steady-state considerations of Subsection 5.5.1.1 apply in the Type I case and,
since the delay is assumed to be transferred to every sample of the adaptive filter line,
the above results of the filter analysis are also valid here. Therefore, the excess MSE and
misadjustment expressions of Subsection 5.5.1.3 can be used in the study of the joint LS

algorithm in Type I configuration.

5.5.3 Discussion

The analyses performed in this section have a goal slightly different from the similar
analyses of Chapter 4. In the joint LMS algorithm of the previous chapter, the adaptation
factors a and g influence directly the stability, as well as the steady-state properties of
the algorithm (the excess MSE and the misadjustment). The first goal of Section 4.3 is
the determination of the ranges of values that both the adaptation factors can take, while
producing estimates whose mean and variance are finite in steady-state conditions. The
excess MSE and misadjustment expressions are useful in determining the quality of the
estimates and follow easily from the stability analysis.

In the present section, there is no such stability ranges, since the LS algorithm is inher-
ently stable, when infinite precision arithmetic is used. The weighting factor 3 influences
the convergence speed and the precision of the estimation, and its range of value is usually
between 0.9 and 1.0. The goal of this section was therefore to determine the quality of the
joint estimation, by deriving excess MSE and misadjustment expressions. This is why the
discussion about the delay estimate mean and variance, performed in Subsection 5.5.1.1, is
only qualitative. The analysis of the adaptive filter given in Subsection 5.5.1.2 is mainly
useful in the computation of the excess MSE. Note however that the expressions obtained
for the mean and correlation matrix of the weight vector are similar to those obtained in
Chapter 4. In particular, the weight vector is biased by the same vector in both cases and
both the correlation matrices are functions of the expression [€min + 1/2Vssémin] (compare
equations (4.110) and (5.138)). Note also that £f_ has again a form identical to the form
for a filter operating alone [33].

As for the expressions (5.143) and (5.147), they show again that the misadjustment is a
function of three terms, one more specific to the adaptive delay, one related to the adaptive

filter and finally one equal to the product of the first two terms.
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5.6 Summary

Joint time delay estimation and adaptive RLS filtering, using a fast transversal filter
implementation, has been considered in this chapter. The philosophy adopted here was
fairly different than the orientation of the previous chapters, since the most part of the
sections was devoted to the derivation and description of a new form of LS algorithm. This
joint delay estimation and LS adaptive filtering algorithm allows the efficient computations
of the current optimum weight vector, and of the optimum integer delay (lag).

A set of lag-recursive relations was derived geometrically, for the computation of both
the LS weight vector solution and the minimum sum of squared errors. These relations are
functions of the same internal variables used in the fast transversal adaptive filter, and the
lag-recursive relations are appended to a form of FTF algorithm, to produce the joint LS
algorithm. The order of the predictors used in the FTF algorithm must be M - 1, if the
adaptive filter order is M. The lag-recursive relations were also used to derive a lag-update
algorithm, which was used to adapt the integer delay estimator.

The delay estimate behaviour was considered qualitatively and the steady-state weight
error correlation matrix was derived. Finally, the excess MSE and misadjustment were
found to be functions of the term [£mip + 1/2%ssémin)s a8 in the joint LMS algorithm.

The material presented in this chapter is mainly theoretical, although the final joint LS
algorithm of Section 5.4.1 can be implemented as such. More practical considerations are

given in the next chapter where numerous simulation results are given.
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Experimental Results:
Chapter 6 The Joint LMS Algorithm
and the Joint RLS Algorithm

6.1 Introduction

So far, the work presented in this thesis has been analytical. Chapter 3 served the
purpose of investigating the theoretical behaviour of the joint steepest-descent algorithm.
In particular, the possibility of convergence to a multitude of stationary points has been
demonstrated. The role of the second derivative of the MSE function, in the stability of
the delay tracking portion of the joint algorithm, was derived. Some bounds, useful in the
practical application of the joint SD algorithm, were derived and discussed. In the present
chapter, the properties of the SD algorithm are illustrated with practical examples and the
stability bounds are computed.

The joint LMS algorithm was presented in Chapter 4 as a stochastic implementation
of the joint SD algorithm. Its analysis was performed for joint convergence in the mean
and in the mean square. Some theoretical bounds on the two gain factors involved in the
algorithm were derived and the expressions for the excess MSE and the misadjustment of
the joint algorithm were obtained. A design procedure, for the determination of the two
gain factors, was presented. The bounds and the excess MSE are computed in the following
sections, and the critical parameters used in the design procedure are illustrated.

In Chapter 5, the focus was given to the derivation of some lag-recursive relations and to
the definition of a new form of RLS algorithm. The joint algorithm is fairly complicated and

no theoretical study was performed about its behaviour. The expressions for the excess MSE
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and the misadjustment were obtained. The joint RLS algorithm is implemented integrally
as derived and its practical behaviour is studied in the actual chapter.

This chapter is therefore structured as follows. In Section 6.2, an experimental set-up
is defined for the simulations of the joint algorithms. In particular, the reference filter that
is used in most of the simulations is described, and the implementation of the algorithms
is discussed. Then the results of Chapters 3 and 4 are investigated in Section 6.3, and the
joint RLS algorithm is simulated in Section 6.4. A hybrid joint algorithm is briefly discussed
in Section 6.5.2. This algorithm is made of an LMS adaptive delay algorithm and an RLS
adaptive filter algorithm.

6.2 Experimental Set-Up

All the simulations were implemented in a system identification (cancellation) config-
uration (see Figs. 2.6, 2.8 and 3.2). Unless it is otherwise specifically noted, the noiseless
input signal s(n) is a zero mean and white Gaussian process, as are the two noise sources.
All the signals and systems are real.

Unless otherwise noted, the reference filter is a 21-tap lowpass transversal filter, with a
3dB bandwidth approximately equal to 0.77. Its impulse response and its transfer function
are illustrated in Figs. 6.1 and 6.2. This choice is somewhat arbitrary and is dictated by
the ease the filter can be implemented in the actual simulations. Some results with a more
realistic filter are presented in Sections 6.5.1 and 6.5.2.

The reference filter can be made time-varying by changing its amplitude and/or phase
response with time. A very specific reference filter nonstationarity is simulated. The varia-
tions of the filter amplitude and phase responses are constant over the whole filter frequency
range. This implies that no frequency selective nonstationarity is applied and that the ref-

erence transfer function is of the form
R(e?%) = H(e?*)A(n)e?®™),

where H (&%) is the stationary reference filter transfer function and A(n)e’®(") is a frequency
independent time-varying gain.
The cases simulated are for linearly and sinusoidally varying amplitude and phases of

the form
{ A(n) =1+ f(n)
8(n) = f(n)r/2,
with

f(n)=8-n S = slope,
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or

f(n) = sin(27n/P) P = period.

Note that when both the amplitude and the phase are time-varying, they experience the
same kind of nonstationarity (linear or sinusoidal).

The delays are implemented as follows. Consider a sequence s(n) and its delayed version
s(nT ~ D), where D is a constant. It is desired to obtain s(nT — D) by passing s(n) through
a time-invariant filter whose impulse response is [67]

sinwm(n — D/T)
m(n-DJT) °

ga(n) = (6.1)

This impulse response is infinite in time and must be truncated and delayed if it is to
be implemented as a causal transversal digital filter. Since the function §;(n) approaches
zero as n increases, the truncation can take place with minimal effects [67], [26]. It is also
shown experimentally in [67] that the modelling error is largest at D/T = 0.25 and that it
is lower than 1 percent for an impulse response in excess of 60 weights.

Therefore, the fractional part of both the adaptive delay d, and the reference delay D,
are implemented using a delayed 753-tap version of (6.1), i.e.

_sint(n-37- D/T)
94(") = = TS BT

0< n< 74 (6.2)

In order to allow for integer delays, the shift register on which g4(n) is applied has a length
N larger than 75. By sliding the 75-tap impulse response along the shift register, an overall
delay of A+ D /T samples can be obtained, where A is an integer number comprised between
zero and N ~ 75, and D/T is a rational number lower than one. The delay of 37 samples
introduced by gg(n) is fixed and is taken into consideration in the simulations.

The adaptive negative delay —d,, present in the reference branch of the Type II-DRB
cancellation configuration (Fig. 3.2), is implemented by applying a fixed delay Dy on the
adaptive filter input signal u(n) and by redefining the adaptive delay as Dy — dy.

6.3 Results with The Joint LMS Algorithm

The first part of this section is devoted to a discussion about the simulation implemen-
tation. Then the general results obtained in Chapter 3 for the joint SD algorithm, and their
application in the joint LMS algorithm are considered. The specific results of Chapter 4
are investigated in Subsection 6.3.7.
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6.3.1 Simulation of the LMS Algorithm

The joint LMS algorithm in Type I configuration, given in equations (4.32) and (4.33),
is simulated according to the blockdiagram of Fig. 6.3. The derivative of the adaptive filter
output, with respect to the delay d,, is given by

g(n,dg) = wla(nT - dy). (6.3)

It is implemented by passing the delayed input signal derivative through a replica of the
adaptive filter. This derivative can be obtained from u(n) with a filtering operation. The
following development, analog to the one performed in [13], leads to the derivative filter
impulse response.

The continuous signal u(t) can be obtained from the sequence u(n) by the interpolation

operation [20]

_ sinm(t - nT)/T
u(t) = Zn: u(n) (g oY (6.4)

The derivative of u(t) with respect to ¢ is then

8u(t) cosw(t—nT)/T sinn(t - nT)/T
Z u(n) [ - nT w(t - nT)2)T (65)
and the derivative of u(t) with respect to d, is
ou(t) _ Ou(t) Ot
od, ~ 0t ody’ (6.6)
Therefore, using (6.5) and (6.6),
Ou(nT —iT — dy) _
0dn, B
3 Z u(5) cos 1r(nT zT JT = dn)/T  sina(nT =T — jT - da)/T (6.7)
—-JT —dyn m(nT —iT - jT - dg)?/T '
Equation (4.33) can then be implemented as
L
dn+1 = dp — 2ae(n) Z wnig(n — 1), (6.8)
1=0
where g(n) is the output of the derivative filter with impulse response
- _cosm(nT —dp)/T sinm(nT —dn)/T
balm) = — 3, w(nT — dn)2/T (6.9)

As with the delay elements simulation, this impulse response has to be truncated and
- delayed in order to obtain a causal filter response. The truncation window is again of length
75 and the derivative filter is implemented with weights
cosm(n — 37 —dp/T) sinw(n-37-d,/T)
bd(n) = - 2
T(n—37-4dy/T) Tr(n—-37-dp/T)

0<n<74. (6.10)
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By assuming that the sampling period is T' = 1, both the impulse responses g4(n) and by(n)
can be easily adapted to the variations of dj.

The Type II-DAB and Type II-DRB configurations can be implemented in a similar
way by applying the derivative filter directly on the adaptive filter output or on the reference
signal. Note the difference between the Type I and Type II implementations. In the former,
the derivative filter being located before the adaptive filter replica, the derivative applies
only to one sample in the filter delay line, as does the adaptive delay in the adaptive branch.
In the latter, the derivative being taken on the adaptive filter output, all the samples of the

delay line are implicitly derived.

Derivative Adaptive

F'" Filter Filter w, <

X X qx>__

2p

Adaptive

Filter w,

Hr—1(n) @
+
D Reference
s(n) " Filter h(n) ('F

va(n)
Fig. 6.3 Blockdiagram of the simulation of a Type I configuration

The systems parameters needed to apply the analytical results of the previous chapters
are obtained as follows. The deterministic autocorrelation corresponding to the reference
filter of Fig. 6.1 is shown in Fig. 6.4. The value pj(0) corresponds to the maximum in
this figure. From this function, the second and fourth derivatives p} (0) and pgf)(O) can be

found. These values are
pn(0) = 0.6661

ph(0) = —0.9753 (6.11)
29(0) = 2.6508.
The minimum MSE £;, and its second and fourth derivative are also necessary in the

application of the results of Chapters 3 and 4. The MMSE is given by equation (4.194) and
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Fig. 6.4 Reference filter deterministic autocorrelation function pp(n)

for white signals and equal noise variances this equation can be expressed as

€min = 031 1- pwopt(o)] + ®4s[pn(0) - pwopt(o)]’ (6.12)

where py, (k) is the deterministic autocorrelation of the optimum filter, for a given signal-
to-noise ratio. This optimum filter is given in equation (3.84) for the cancellation scenario
considered in this chapter. Combining (3.84) and (6.12), the following expression for the
MMSE is obtained

w=o2 |1~ __ﬂ(_ol__] [ I S ]
fmm - le [1 (1 + I/SNRI)Z + @ssPh(O) 1 (1 + 1/SNR1 )2 ’ (613)
where SNR; is defined as
SNRy = 23, (6.14)
vy

The second derivative is given in equation (3.115) as

P —Q(I)gsp’li(o)

= S 6.15
Emm @33 + 0,12’1 : ( )
and the fourth derivative can be derived in the same way as

W _ -2@33P$,4)(0)_

1 = 6.16
Emln @33 + U%I ( )
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The derivative of the input signal is also necessary for the application of the results of
Chapter 4. For white signal processes, it can be derived to be

i N\ ¢ ] 2 i
d)S,.),(O) = (%) -(—si—-g_ifl—)l for i even, (6.17)

where j = /-1 and the sampling period is taken to be one. Finally, unless otherwise noted,
the input signal power spectral density is

1
12’

which implies that the maximum eigenvalue of the input signal autocorrelation matrix is

‘pss =

(6.18)

Amax = g5 + 031
., (6.19)
=1/12+0y,.

6.3.2 Multiple Convergence Points and Excess MSE

The presence of multiple convergence points is first illustrated. The reference delay is
fixed at a certain value and the adaptive filter is allowed to adapt to this condition, while
the adaptive delay is frozen (a = 0.0). The optimum weight vector is then obtained for the
reference delay fixed at 0, 0.5, 1.0 and 1.5 samples and the MSE function &, is measured,
as a function of the relative delay D, — dy, using these different weight vectors. The results
are given in Figs. 6.5 and 6.6. It is first noted that the MSE function exhibits a well defined
minimum at d, = 0, for each case. This shows that the condition yw&n = 0 implies
0¢€,/08d, = 0, as pointed out in Subsection 3.3.1. Furthermore, each of these minimum

corresponds to the function £,(dyg), with dy = 0, defined in equation (3.39) as

€oldn) = E’dw,,:R-lp,,' (6.20)

The value of the MSE function at each of these minimums corresponds to the excess MSE
defined in equation (3.58). Note that, in none of these cases can the excess MSE be ap-

proximated by equation (3.61), because the relative delay is too large.

6.3.3 Delay Tracking Bounds

As derived in Chapter 3, the stability bounds involved in the joint SD algorithm are
functions of the quantity £p;,. For the white signals case, £min is given in (6.15). Using
(6.11) and (6.18), Table 6.1 can be computed, where amax is defined as

2
amax - . (6-21)

Emin
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Emin

SNR, (dB) Qmax
0 0.0813 | 24.6
10 0.1478 | 13.53
20 0.1609 | 12.43
30 0.1624 | 12.32
0 0.1626 | 12.3

Table 6.1 Values of £.;, and amax = 2/Emiy for different
signal-to-noise ratios

Note that, because white signals are used, the bound (3.82) of Proposition 3.2 is equal to
amax for infinite SNR. Note also that this value of a corresponds to a safe upper bound, since
all other values are superior to it for finite SNR’s. This value is also used in Proposition 3.3,
in order to define a range of values for alpha such that the adaptive delay is five times faster
than the adaptive filter. The range of values, determined with equations (3.92) and (6.19),
is illustrated in Fig. 6.7 as a function of x. The computations were performed for a SNR
of 0 dB and for an infinite SNR. The allowable range for a is to the left of the dashed
curves and below the continuous curve. Note that for high SNR’s, Proposition 3.3 states

that o should be larger than 1.0, when g = 0.1 and that a value a = 0.1 is sufficient when

p=0.01.

Adaptive delay gain factor o
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Fig. 6.7 Range of a satisfying Proposition 3.3
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6.3.4 Delay Tracking Simulations in Type I

For the joint LMS algorithm in Type I configuration, Proposition 4.5 (equation (4.108))
states that a condition on g, for convergence in the mean square in noiseless conditions, is

(all the eigenvalues are equal to Amax)

O<pu< (6.22)

Liti2

It is found experimentally that p should be below 0.4 for convergence of the adaptive filter in
noiseless conditions. This is well below the bound for convergence in the mean established in
Proposition 4.4 (equation (4.84)), which indicates that u should be lower than 1/Apmax = 12.

Similarly, the theoretical bound for convergence in the mean of the adaptive delay, in
noiseless conditions, is found to be much larger than the bound found in practice. The
theoretical omax given in Table 6.1 is 12.3, while it is found experimentally that an «
superior to 0.9 makes the algorithm unstable in noiseless conditions. These experiments
indicate that for u’s larger than 0.1, it is not possible for a to meet the lower bound

established in Fig. 6.7 and still produce a stable algorithm.

6.3.4.1 Adaptive Delay Response to a Reference Delay Step

Based on these results, four combinations of & and p are first simulated, when a unit
delay step is applied in the reference branch. Note that white signals and noiseless conditions
are assumed. The results are given in Figs. 6.8 to 6.11. Figs. 6.8 and 6.9 illustrate cases
where the lower bound of Proposition 3.3 is not respected. In both cases, the adaptive
delay element has a time constant too large to allow close tracking of the reference delay
variations. For a fairly large adaptive delay gain factor, Fig. 6.8 shows that the behaviour
of the delay adaptation algorithm is that of a higher order system. This implies that the
first order approximation made in equation (3.24), based on the truncation of the Taylor
expansion of equation (3.21), is not totally right in this case. When a is well within the
bound of Proposition 3.3, as in Fig. 6.10, the adaptive delay element follows closely the
reference delay. Note the higher variance in the delay value when o is larger. Finally,
Fig. 6.11 illustrates a smooth delay adaptation case.

It was established in Proposition 3.4 that a reference delay step of one sample consti-
tutes a safe upper bound for adequate delay tracking of such variation. This bound was
determined from the width of the MSE function around its minimum. On Fig. 6.5, it is seen
that the main lobe width is on the order of 4 samples, i.e. twice as wide as the width used

in Proposition 3.4. It is therefore expected that the adaptive delay can cope, in the actual
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simulation, with a reference delay step of 2 samples. The response of the delay estimator,
for five different reference delay steps, is shown in Fig. 6.12. As long as the reference delay
is within 2 samples, the delay tracking is indeed adequate. But for a step of 2.2 samples, the
tracking is less accurate and the time constant is significantly larger. This last behaviour is
due to the decrease in the MSE second derivative, as the operating point of the algorithm

gets further away from the global minimum.

delay (samples)

0 & 4 i s L " It "
- 4 ¥ T * - — ¥

N n e

0 200 400 600 800 1000

iteration number

Fig. 6.12 LMS Adaptive delay response to different reference delay
step; dashed curves: reference delays; u = 0.01, a = 0.5

From equation (3.76), it is seen that the time constant of delay adaptation is given by

Tdel =

. (6.23)
®min
Using the value of £, for infinite SNR, the time constant is on the order of 12 samples
for a = 0.5 and around 60 samples for & = 0.1. These figures are largely confirmed by
Figs. 6.10 and 6.11. The learning curves, corresponding to these two figures, are shown in
Figs. 6.13 and 6.14. These curves were obtained by averaging 10 different error curves.
Since Proposition 3.3 is true in these cases, the error curve is mainly influenced by
the delay adaptation. The time constants of the learning curves is therefore approximately
equal to the delay time constant. Fig. 6.13 shows a time constant approximately equal to
15 samples, while the time constant in Fig. 6.14 is on the order of 60 samples. These results

confirm the figures computed above with the help of (6.23).
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6.3.4.2 Adaptive Delay Response to a Reference Delay Ramp

In processing an audio surveillance tape, it was found in [12] that an adaptive noise
canceller can face both linearly and sinusoidally changing reference delays. These variations
are essentially caused by the differences in the rotating speed of the recording devices used
in the surveillance and in the processing.

The adaptive delay responses to a linearly changing reference delay are presented in
Figs. 6.15 and 6.16. The reference slope is 0.01 sample/sample, exceeding the linear vari-
ations measured in [12]. This slope is also well below the upper bound on the maximum
allowable value computed using Proposition 3.5. Fig. 6.15 illustrates the case where the
adaptation speed constraint of Proposition 3.3 is satisfied. The delay element is seen to
track very well the delay reference variations. When the constraint is not satisfied, a frac-
tion of the delay variations is compensated for by the adaptive filter, which causes an
increasing error between the adaptive and the reference delays, as shown in Fig. 6.16. Note
also that in this particular case, the adaptive filter cannot track properly such a rapid ref-
erence delay variation and the joint algorithm does not perform satisfactorily after 2000

iterations. The corresponding learning curve is shown in Fig. 6.17.
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Fig. 6.15 LMS Adaptive delay response to a reference delay ramp of
0.01 sample/sample; dashed curve: reference delay;
pu=001,a=05

6.3.4.3 Adaptive Delay Response to Sinusoidal Reference Delay Variations
The maximum amplitude and period of the sinusoidal variations that can be tracked
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are functions of the time constant of adaptation (see Subsection 3.3.2.2). Furthermore, it is
argued in the same subsection that, as long as the adaptive delay has a much smaller time

constant than the adaptive filter, the former tracks closely the sinusoidal variations if

Iej21r/P + O‘Emin - 1' = aémin'

For o = 0.5 and pjy = 0.1626 (SNR; = oo in Table 6.1), the above approximation is
precise to 1% if the period P is about 500 samples, and to 0.27% if the period is 1000
samples. Figs. 6.18 and 6.19 illustrate the delay tracking for these two cases. Note that the
tracking is slightly better for the 1000 period case, because the maximum rate of reference
delay variations is smaller. Fig. 6.20 illustrates the case where some of the reference delay
variations are compensated by the adaptive filter. The resulting adaptive delay response

shows a reduced amplitude and a phase lag with respect to the reference.
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Fig. 6.18 LMS Adaptive delay response to a sinusoidal reference
delay variation, period = 500 samples, amplitude = 1
sample; dashed curve: reference delay; p = 0.01, 2 = 0.5

6.3.4.4 Adaptive Delay Response in Noisy Conditions

The above simulation results were obtained in noiseless conditions and show the delay
tracking ability of the joint algorithm. When noise is present, the delay estimation is less
accurate and the variance of the estimator is increased. This is illustrated in Figs. 6.21 to

6.23, for the three types of reference delay variations considered above. The signal-to-noise
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Fig. 6.19 LMS Adaptive delay response to a sinusoidal reference
delay variation, period = 1000 samples, amplitude = 1
sample; dashed curve: reference delay; p = 0.01, & = 0.5
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Fig. 6.20 LMS Adaptive delay response to a sinusoidal reference
delay variation, period = 1000 samples, amplitude = 1
sample; dashed curve: reference delay; u = 0.01, = 0.1
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ratio was 10 dB in each of the two noise sources present in the system. The delay tracking
is seen to be satisfying, even for this fairly low SNR. The degradation for lower SNR’s is

gentle, and the delay tracking still takes place at 0 dB.

8.3.4.5 Adaptive Delay Response with a Nonstationary Reference Filter

The purpose of the adaptive filter is to track the variations in the reference filter. In
audio surveillance tape analysis, it is likely that these variations are slow, as noticed in
[12]. Therefore, a gain factor p on the order of 0.01 is well above what is necessary in that
kind of experiment (u = 10710 was used in [12]). Depending on the kind of reference filter
variations, the adaptive delay can be influenced in a more or less adverse fashion. Consider
a reference filter which experiences phase and amplitude variations that are both linear.
Since the variations simulated are constant across the whole frequency range, the amplitude
variations correspond to a simple scaling of the reference filter impulse response. The phase
variation is more problematic since it changes the shape of the impulse response. These
variations incur some modifications in the quantity £.;,, which causes the delay tracking
characteristics to change also. As an example, linear amplitude and phase variations were
simulated, while the reference delay was kept fixed. The adaptive delay response, for a
linear variation of 0.001 sample/sample, is shown in Fig. 6.24. This figure shows that the
adaptive delay reacts to the variations in the reference filter. The corresponding adaptive
filter impulse response, after 1000 iterations, is given in Fig. 6.25. It shows the variations

in the impulse response that cause the peculiar behaviour of the adaptive delay.

6.3.5 Delay Tracking Simulations in Type II

In order to compare the behaviour of the Type I and the Type II configurations, the
adaptive delay response was simulated for a reference unit delay step, when g = 0.01 and
a = 0.5, in Type II-DAB and Type II- DRB mode. The results, for noiseless conditions, are
illustrated in Figs. 6.26 and 6.27. Note that the short reference impulse response of Fig. 6.1
is used. These figures should be compared to their Type I counterparts, in Figs. 6.10 and
6.11. Note first of all, that there is no overshoot in the Type II case, when a = 0.5. The
first order approximation of equation (3.24) is therefore more realistic in this case. Note
also how well the adaptive delay tracks the reference delay in the Type II-DAB case, even
for @ = 0.1. This last characteristic is related to the fact that the convergence speed of
the adaptive filter is reduced by a delay in Type II-DAB configuration [49]. Intuitively,

this fact can be explained by noting that the delay reduces the maximum gain factor p for
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Fig. 6.23 LMS Adaptive delay response to a sinusoidal reference
delay variation in noisy conditions, period = 1000 samples,
amplitude = 1 sample, SNR = 10 dB; dashed curve:
reference delay; p = 0.01, « = 0.5

convergence in the mean (see equation (4.145)), which itself reduces the maximum speed of
convergence. Furthermore, the location of the delay after the adaptive filter “delays” the
effect of any filter modifications on the error signal, which tends to slow down the speed of
convergence. The time constant of delay adaptation is therefore mainly due to the adaptive
delay time constant, and is similar to that of the Type I case.

In Type II-DRB configuration, this speed reduction in the adaptive filter does not exist,
and the filter compensates for a portion of the delay when & = 0.1, as in the Type I case. But
note in Fig. 6.27 that there is a lag between the reference delay modification and the adaptive
delay initial reaction. This is due again to the delay between the modification and its
appearance in the error signal. Also, it is noticed that this lag reduces the delay convergence
speed. Finally, the Type II configurations were simulated for linear and sinusoidal reference

delay variations, in noiseless and noisy conditions. The results are similar to the ones for

the Type I cases.

6.3.6 Discussion

The results presented in Subsections 6.3.1 to 6.3.5 establish the typical behaviour of
the joint SD and LMS algorithms and make use of most of the conclusions of Chapter 3.
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Fig. 6.25 Adaptive filter impulse response after 1000 iterations for
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Fig. 6.27 LMS Adaptive delay response to a reference delay unit step

in Type II-DRB configuration; long dashed curve: reference

delay; medium dashed curve: g = 0.01, a = 0.5; continuous
curve: g =0.01, a=10.1
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All the relations involving £y, were computed using the true value of this parameter. In
practice, it can be estimated by various means, one of them being the use of equation (3.117).
Note however that this method can be the source of large errors. Better methods can be
devised with the help of least-squares polynomial approximation or Chebyshev (min-max)

polynomial approximation [51].

6.3.7 Steady-State Results

The results of Chapter 4, for the joint LMS adaptive algorithm in Type I and Type II
configurations, are considered more closely in this subsection. The expected values E[G2]
and E[N,%], which are used in the convergence bound for a and in the steady-state delay
variance vsg, are first computed for a Type I and a Type II-DRB configurations. Then these
quantities are used in determining o as a function of i and vss. Finally, the excess MSE is

computed for different practical cases.

6.3.7.1 Convergence Bounds and Gain Factors

The expressions for E[G2] and E[N?], for white input and noise signals, are given by
equations (4.195) to (4.198). These quantities are functions of tr[K,], which is given in
equation (4.111). This equation shows that tr[K,] is proportional to x and vss. Since E[G2]
and E[N2] are proportional to tr{K,], these expectations are also proportional to p and vss.
For a Type I system, it is found that E{G2] and E[N2] are approximately constant for vss
and g lower than 0.01. For the Type II-DRB case, the two expectations exhibit a fairly flat
response for values of vsg lower than 1.0 and for values of p lower than 0.1. This smaller
sensitivity in the latter case reflects the fact that the trace operator appears only once in
the Type II expectation expressions.

The expression (4.74) can be used, as suggested in the design procedure of Section 4.5,
to obtain plots of a versus vss and p. Figs. 6.28 and 6.29 show the theoretical behaviour of
a as a function of u, for both types of systems and for three different values of steady-state
variance. The gain factor a increases with vss and for a typical variance of 0.01, the value of
o is approximately constant with y, and is around 0.5. This indicates that, for low variance,
the adaptive filter does not influence much the noisy behaviour of the adaptive delay. The
upper bound on « for convergence in the mean square (equation (4.73)) is illustrated in
Figs. 6.30 and 6.31 for the same conditions. The delay variance does not influence much
this upper bound, which is approximately constant for z < 0.01.

The theoretical behaviour of o as a function of vss, and for two different signal-to-noise

ratios, is illustrated in Figs. 6.32 to 6.35. The gain factor o is seen to be proportional to the
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variance for lower values of vss. For higher values of vgs, « is limited by the upper bound
for mean square convergence.

The design procedure of Section 4.5 is based on plots similar to those of Figs. 6.28 and
6.29. In this particular case, these plots show that, for a given variance, i can be chosen
over a large range without affecting the behaviour of the delay estimation. This fact was

already noticed in the simulations.

6.3.7.2 Excess Mean Squared Error

A major result from Chapter 4 is the expression for the excess MSE at the output of

the joint LMS algorithm. For all types of joint algorithms, the expression is of the form
Eox = E6 + Eox + €1,
or, in term of misadjustments,
M =M+ M+ miME

These results are verified for a Type I system by computing the theoretical value of {gx, using
equation (4.123), and by obtaining ¢4 as well as £x by simulations. The results, for five
different combinations of a and p, are presented in Table 6.2. The corresponding measured
total misadjustment M is obtained from éex by dividing by &min, while the theoretical
total misadjustment M,y is obtained using equation (4.125). This table shows the good
agreement between the measured and the theoretical quantities. Note that the cross-product
term M3MT being a second order component, its effect is therefore small or negligible, as

can be seen from the fact that £.x is always approximately equal to the sum of ng and §gx.

[z a 38 £ §ex M My,
0.1 | 0.5 | 0.00312 | 0.00193 | 0.00563 | 40.5% | 39.4%
0.05| 0.5 | 0.00141 | 0.00193 | 0.00308 | 22.1% | 25.4% |
0.1 | 0.1 | 0.00312 | 0.00010 | 0.00313 | 22.5% | 23.3%
0.01| 0.5 | 0.00026 | 0.00193 | 0.00195 | 14.0% { 16.0%
0.05 | 0.25 | 0.00141 | 0.00051 | 0.00163 | 11.7% | 14.2%

Table 6.2 Excess mean squared errors and misadjustments for
different combinations of a’s and u’s
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The total misadjustment, for a Type I system, is illustrated in Fig. 6.36 as a function
of the steady-state delay D, for an adaptive filter operating alone and for a joint adaptive
system. The misadjustment for the latter system is essentially constant with respect to the
delay, while it is a function of D in the former case. This figure shows that for a delay
lower than 9 samples, the adaptive filter alone produces a smaller relative error, but for
larger delays, the misadjustment due to the coupled adaptive processes is inferior to the

misadjustment produced by the single filter.

Total misadjustment M (%)

Delay D

Fig. 6.38 Measured misadjustment for a Type I system versus the
steady-state delay D, SNR = 10 dB, 1 = 0.01, a = 0.5;
continuous curve: adaptive filter alone, dashed curve: joint
adaptive system

It was noted theoretically in Chapter 4 that, in a Type II-DAB system, the excess MSE
is increased by the presence of the adaptive delay after the filter (see equations (4.177) and
(4.178)). This result is confirmed in practice in Fig. 6.37 where the total measured excess
MSE is illustrated as a function of the steady-state delay D.

6.4 Results with the Joint RLS Algorithm in Type II-DRB
Configuration

The behaviour of the sum of squared errors £ 14(n,d) with respect to d and S is first

investigated in this section. The numerical stability of the algorithm is discussed in Subsec-
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Fig. 6.37 Measured excess MSE for a Type II-DAB system versus the
steady-state delay D, u = 0.01, a = 0.5

tion 6.4.2. The tracking properties of the algorithm are then considered in Subsection 6.4.3,
where the simulations results are given for different channel characteristics.

The only configuration simulated with the joint RLS algorithm was the Type II-DRB
one. The algorithm of Subsection 5.4.1 was essentially implemented integrally, except for

an extra set of computations used to stabilize it numerically.

6.4.1 The Sum of Squared Errors

In order to verify the behaviour of the sum of squared errors, when there is a nonzero
relative delay A between the reference delay D and the adaptive integer delay ¢, the sum of
squared errors is first obtained as a function of A and is illustrated in Figs. 6.38 and 6.39.
Note that the adaptive system is in steady-state prior to time n = 0 and that the delay
difference is applied at n = (.

It is noticed that after a transient period of approximately 200 iterations, £p70(n,£)
takes an average value that increases with the absolute value of A. Note also that the
randomness in {y7,(n,£) is due to the input signals stochastic behaviour. The steady-state
expected value of £ 3, (n, d) versus A = D —d is given in Fig. 6.40. Note that the oscillatory
behaviour of E[€pso(n,d)] is due to the oscillations in the reference filter and in the input
signal autocorrelation (see the expressions for the MSE functions in equations (3.64) to

(3.66)). Note also that in this particular case, as long as the relative delay is smaller than
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2 samples, a delay adaptation based on £pro(n,€ — 1), Ep10(n, £) and &pro(n, £+ 1) has the
potential to bring the relative delay to zero. But for a larger initial relative delay, it is also
possible that, because of the oscillations in E[€y1,(n,d)], the delay adaptation algorithm

locks on a false value.

fMo(n’f)
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Iteration number

Fig. 6.38 Minimum sum of squared errors versus time, for different
relative delays A and for 8 = 0.97; the lowest curve is for

A = -1, the middle curve is for A = 2 and the upper one if
for A = 6.

Another interesting characteristic of £ 57o(n, ) is its behaviour with respect to 4. From
equations (5.1) and (5.4), it is seen that the memory of the algorithm is proportional to 3.
This implies that when the forgetting factor increases, the number of significant terms in
€yo(n,¢) also increases, causing the value of the sum to grow. This illustrated in Figs. 6.41
and 6.42 for three values of 3. The measured expected value and variance of £37.(n, £), in

steady-state and for a relative delay of two sample, are shown in Figs. 6.43 and 6.44.

6.4.2 Numerical Stability

It is well known that the FTF implementation of the RLS algorithms is inherently
unstable, when a finite word length machine and a forgetting factor 3 lower than one are
used [68]. This phenomenon is due to the instability of the system through which the finite
precision error is propagated. Since the introduction of the different forms of the fast RLS

algorithms, several methods were proposed to stabilize their behaviour.
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Lin suggested the monitoring of a specific variable, in the fast algorithm, which is shown
by simulations to become negative when the algorithm diverges [69]. This rescue device
is therefore used to decide upon when the algorithm should be reinitialized, such that the
finite precision error accumulation is zeroed. Eleftheriou and Falconer used a periodic restart
procedure in which the fast algorithm is interrupted and restarted at periodic intervals, with
a parallel LMS algorithm taking over for the reinitialization period {33]. More recently, some
researchers proposed more fundamental modifications to the algorithm such that the error
propagation mechanism is directly stabilized. Slock and Kailath introduced redundancy
in the algorithm, which allows the feedback of numerical errors and the “correction” of
such errors in a channel coding manner [70]. Benallal and Gilloire applied some control
principles to the linear system governing the error propagation, such that the system is
stabilized without changing the theoretical form of the overall algorithm [71]

The focus of the present research being on the joint delay estimation and adaptive
filtering capabilities of the algorithms, it was felt that only a rather crude stabilization
mechanism was necessary in the simulations. Therefore, a periodic restart procedure was
introduced, in which a parallel version of the FTF algorithm was periodically started, and
its resulting parameters transferred to the main FTF algorithm after a number of iterations
large enough to ensure convergence. This parallel periodic restart procedure is reminiscent
to the method used by Eleftheriou and Falconer, although more computationally involved.
It was felt that this method would interfere the least into the other aspects of the joint
algorithm.

In the simulations performed, it was noticed that the joint algorithm becomes unstable
after 600 to 700 iterations, especially for lower values of 3. The restart period was therefore
fixed to 500 iterations for most of the simulations. The parallel algorithm begins 200

iterations before the transfer of the newly computed intermediate variables.

The resulting behaviour of the sums of squared errors is illustrated in Fig. 6.45, where
EMo(n, € — 1) is plotted for 3000 iterations and 8 = 0.92. The algorithm is therefore
seen to be stabilized by the parallel restart procedure. The behaviour of the error in the
parallel implementation is illustrated in Fig. 6.46, where the sum of squared errors is seen
to experience a sudden increase every 500 iterations and settles down well within the 200
iterations period allocated before the transfer of information to the main algorithm. These
two figures illustrate that the stabilization procedure performs as expected and that the
simulation results obtained in the next section are illustrative of the potential of the joint

algorithm.
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6.4.3 Tracking Properties

The tracking properties of the joint RLS algorithm are simulated in this section. In
order to perform the lag-update decision (Part ¢ of Subsection 5.4.1) the time average of
the sum of squared errors must be computed. This is done by accumulating the sum of
squared errors over 50 iterations.

The adaptive delay responses to a linearly changing reference delay are presented in
Figs. 6.47 to 6.49. The reference slope is 0.01 sample/sample, as for the joint LMS algorithm
case. The noiseless case is shown in Fig. 6.47, and the results for SNR’s of 30 dB and 20
dB appear in the two other figures. Except for a granular-type of noise, the adaptive delay
tracks well the reference delay. Note that the forgetting factor 3 was set to 0.92, in order to
allow good tracking. The results for a sinusoidal reference delay are illustrated in Figs. 6.50

to 6.52. Adequate tracking is again demonstrated in this case.

6.4.4 Discussion

The simulations of the joint RLS algorithm presented in this section indicate that the
development of Chapter 5 leads to a potentially very useful algorithm. By averaging the
minimum sums of errors over 50 samples, and by comparing three of these sums of errors,
the delay tracking is very good in all cases for SNR’s as low as 20 dB. Below this value,
the performances degrade very quickly. But for each application, there is an optimum
strategy for delay estimation, and the particular one chosen here is fairly empirical. This
simple method shows that the joint RLS algorithm can.keep the adaptive filter impulse
response approximately centered in many different kinds of scenarios. It indicates also that
if rapid adaptation to the reference filter is required and that computational complexity is
a secondary issue, the conventional RLS adaptive filter can be favorably enhanced by the

delay estimation based on the lag-recursive relations.

6.5 Results for a Reverberant Room Reference Impulse Response

In order to test the joint LMS algorithm in a more practical context, an impulse response
typical of a reverberant room is used in the reference filter. This response is 200-tap long
and is generated using the method proposed by Allen and Berkley [72]. It simulates the
behaviour of a 6 metres by 6 metres room with a height of 3 metres. The reflection coefficient
of the walls is 0.8, the sound source is assumed located about 0.5 metre away from one of

the corners and the location of the receiver is about one metre from the same corner.
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noiseless conditions
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The corresponding impulse response is given in Fig. 6.53. Note that the response is not
symmetrical with respect to any point, as is the 21-tap response of Fig. 6.1, and that it

exhibits three large reflection peaks as well as five smaller ones.
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Fig. 6.53 Impulse response of the reverberant room

6.5.1 Results with the Joint LMS Algorithm in Type I

The joint LMS algorithm, with a 200-tap adaptive filter, is first simulated with a white
and a coloured input Gaussian signal, in noiseless conditions. Then a digitized speech
segment input is used with a normalized form of the adaptive delay algorithm. For the
Gaussian input case, it is noted that the adaptive filter gain factor u has to be lower than
that for the short impulse response, otherwise the algorithm is unstable. This is predicted
in Proposition 4.5, which states that, for convergence in the mean square, p must be lower
than the inverse of the trace of the input signal autocorrelation matrix. With an adaptive
filter that has an order of magnitude more coefficients, it is expected that the maximum
on i be consequently smaller. In practice, it is found this maximum must be around 0.01.
This value is used in the simulations, which prevents the adaptive filter from tracking fast

channel variations, in particular fast reference delay nonstationarities.
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8.5.1.1 White Gaussian Input

The delay tracking of the joint algorithm is shown in Figs. 6.54 and 6.55, for a reference
delay ramp and a sinusoidal reference delay in noiseless conditions.

The delay tracking is seen to be good. Note the different behaviour of positive and
negative delay tracking, especially in Fig. 6.55. This difference is related to the fact that
the reference impulse response is not symmetrical with respect to any of its points. In order
to appreciate the effectiveness of the joint algorithm, the learning curve corresponding to the
- joint algorithm facing a linearly changing delay (corresponding to Fig. 6.54) is illustrated in
Fig. 6.56, and the learning curve corresponding to the adaptive filter coping alone with the
same linear reference delay is illustrated in Fig. 6.57. As before, these curves were obtained
by averaging 10 error curves. Note the scale difference between Fig. 6.56 and Fig. 6.57. It
is obvious from these figures that the joint algorithm generates a MSE lower than the MSE
for the single adaptive filter. This is also the case for a sinusoidal reference delay, as it is
illustrated in Figs. 6.58 and 6.59. Note that there is a factor of 10 between the vertical
scales of these two figures.

It is also interesting to compare the adaptive filter impulse response, in the joint al-
gorithm, to the reference one. The former one is illustrated in Fig. 6.60 for the case of a
reference delay ramp in noiseless conditions and after 1000 iterations. Note the algorithm
error that is superimposed on the reference filter estimate. This error is responsible for a

portion of the steady-state MSE generated by the algorithm.

6.5.1.2 Coloured Gaussian Input

In order to generate a coloured Gaussian input, a white Gaussian signal is passed
through a filter with a non-flat transfer function. The selected frequency response is illus-
trated in Fig. 6.61. It exhibits in-band amplitude variations on the order of 10 dB.

The delay tracking, by the joint algorithm, of a reference delay ramp and a sinusoidal
reference delay is illustrated in Figs. 6.62 and 6.63 in noiseless conditions. The adaptive

delay is again seen to be adequate.

6.5.1.3 Speech Input

The segment of digitized speech used for the experimentations is illustrated in Fig. 6.64.
It is part of a speech data file sampled at 8 kHz. This segment was selected such that alarge
range of amplitude variations is present over its span. The dashed line indicates the range

of data used for initializing and training the different algorithms, and the range actually
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Fig. 6.54 LMS Adaptive delay response to a reference delay ramp of
0.01 sample/sample and for a 200-tap reference impulse
response; dashed curve: reference delay; u = 0.01, a = 0.02

used for delay tracking. The data up to the dashed line is used for training and the rest is
used for tracking.

Because of larger input data spectral variations, which translate into a larger eigenvalue
spread, the adaptive filter gain factor has to be lowered. A value of u = 107> is used. The
input signal variations prevent the adaptive delay algorithm to performv properly when the
input amplitude decreases too much. The algorithm of equation (4.33) is therefore modified

into the normalized form

2ae(n, dp)wla(nT - d,)

d =d + . 6.24
n+1 n “ U, ”4 ( )
where the square of the input power is defined as
199
lun 1= (3 w?(n = i) ~ (6.25)
1=0

A fourth power is needed for amplitude normalization, since the error and the input vector
are each proportional to the amplitude, while the weight vector is proportional to its square
(see equation (4.32)).

Once normalized, the adaptive delay can track more adequately the reference delay
variations, even when the amplitude is reduced, as it is the case around the 2500t% iteration

on Fig. 6.64. Note however that the adaptive delay gain factor o has to be increased by four
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Fig. 8.55 LMS Adaptive delay response to a sinusoidal reference
delay variation and for a 200-tap reference impulse
response; dashed curve: reference delay; u = 0.01, o = 0.02
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Fig. 6.56 Learning curve for the joint algorithm facing a reference
delay ramp of 0.01 sample/sample (corresponding to
Fig. 6.54); p = 0.01, a = 0.02
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Fig. 6.58 Learning curve for the joint algorithm facing a sinusoidal
reference delay (corresponding to Fig. 6.55); u = 0.01,
a = 0.02
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Fig. 6.59 Learning curve for the single adaptive filter facing a

sinusoidal reference delay; g = 0.01 (note the factor of 10
compared to the scale of Fig. 6.58)
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Fig. 6.80 Impulse response of the adaptive filter in the joint
algorithm, after 1000 iterations, when the reference delay is
a ramp of 0.01 sample/sample and p = 0.01, a = 0.02
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Fig. 6.81 Filter transfer function for coloured input generation

orders of magnitude, in order to compensate for the division by the fourth power. Therefore,
a = 1000 is used in the delay tracking simulations of a delay ramp and a sinusoidal delay.
The results are illustrated in Figs. 6.65 and 6.66. Note that the tracking is good as long
as the input amplitude is large, but that it becomes less accurate when the input samples
size drops (around iteration 1400 on Figs. 6.65 and 6.66). Despite these problems, the
normalized adaptive delay algorithm performs far better than the ordinary LMS algorithm

of equation (4.33) when the input amplitude experiences large variations.

6.5.2 Results with a Joint Hybrid LMS Delay - RLS Filter in Type II-DRB

The joint RLS algorithm has been tested with the long reference filter impulse response
used in Section 6.5.1 and illustrated in Fig. 6.53. Both the delay estimator and the adaptive
weight vector give unsatisfactory results. By using the RLS adaptive filter alone, it was
found that the filter could not track any of the linearly or sinusoidally changing reference
delay that the shorter filter could easily follow before. This result was unexpected, since
the tracking time constant of the RLS algorithm was derived to be 73], [33]

1
TLS® Ty

which is independent of the number of adaptive filter coefficients. But in practice, it appears

that the RLS adaptive filter is slowed down by an increase of its time span. Even a decrease
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Fig. 6.62 LMS Adaptive delay response to a reference delay ramp of
0.01 sample/sample, for a 200-tap reference impulse
response and a coloured input; dashed curve: reference
delay; g = 0.01, a = 0.02
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Fig. 6.63 LMS Adaptive delay response to a sinusoidal reference
delay variation, for a 200-tap reference impulse response
and a coloured input; dashed curve: reference delay;
u=0.01,a=0.02
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Fig. 6.64 Speech segment used for simulations; the dashed line
indicates the range of data used for delay tracking

of the weighting factor 3 does not allow adequate tracking f. This is disastrous for the joint
RLS algorithm derived in Chapter 4, since the delay estimation is based on the tracking,
by the adaptive filter, of the delay reference variations.

In order to make the RLS adaptive filter solution viable, even in the presence of rapid
reference delay variations, a hybrid adaptive system has been tested in Type II-DRB con-
figuration. The delay estimation is performed by an adaptive delay element working in

conjunction with an LMS adaptation algorithm of the form

The adaptive filtering is performed with the fast RLS algorithm of Appendix F. The joint
hybrid algorithm is therefore of the form of equation (4.180), with the obvious change in
the weight vector adaptation.

The hybrid algorithm has been tested with a white Gaussian input and a speech input.
During these tests, the numerical stability problem appeared again. It could not be solved
as before, by the implementation of a parallel restart algorithm, because of the way the
error signal is used in the LMS delay algorithm of (6.26). Recall that in the parallel restart

algorithm, a parallel RLS algorithm is started from scratch on a regular basis, and its

! In fact, reducing the weighting factor increases the tendency for the RLS algorithm to become numer-
ically unstable {68].
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Fig. 6.65 Normalized LMS Adaptive delay response to a reference
delay ramp of 0.01 sample/sample, for a 200-tap reference
impulse response and a speech input; dashed curve:
reference delay; u = 10~5, a = 1000
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Fig. 6.66 Normalized LMS Adaptive delay response to a sinusoidal
reference delay variation, for a 200-tap reference impulse
response and a speech input; dashed curve: reference delay;
p =105, a = 1000
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internal variables, as well as its weight vector, are transferred to the main RLS algorithm
before numerical problems happen. This process, although very smooth, is not totally free
of transition errors. The weight vector, before and after the transfer, is slightly different,
which cause a certain jump in the error signal. This error burst is usually big enough to
disturb greatly the LMS delay estimation and to cause the joint algorithm to lose track
of the right estimates. Note that this problem did not appear in the joint RLS algorithm.
No investigations were performed to find ways to overcome the instability problem, as it
appears to be a fundamental limitation of the fast implementations of the RLS adaptive
filter algorithm. The results given about the joint hybrid algorithm were therefore obtained
before the instability appeared, and are good enough to illustrate the behaviour of the

algorithm.

6.5.2.1 White Gaussian Input

The delay tracking by the joint hybrid algorithm is shown in Figs. 6.67 and 6.68, for a
reference delay ramp and a sinusoidal reference delay in noiseless conditions.

Note the lag between the application of the reference delay and the response of the
adaptive delay. This phenomenon was already noticed for the joint LMS algorithm in
Type II-DRB. Note also that the difference between the reference delay ramp and the
adaptive delay increases with time, and that the sinusoidal adaptive delay variations have
an amplitude smaller than the reference delay variations. These discrepancies between the
reference and the estimate delays are due to the adaptive filter action. Since the adaptive
delay takes care of the biggest part of the reference delay, the variations seen by the adaptive
filter are reduced accordingly, and they can be in part tracked by the RLS algorithm. The
dramatic improvement of the joint hybrid algorithm over the single adaptive RLS filter,
when rapid reference delay variations occur is illustrated by the learning curves of Figs. 6.69

and 6.70. Note the scale difference between these two figures.

6.5.2.2 Speech Input

The segment of speech used is again the one shown in Fig. 6.64. The RLS adaptive
filter algorithm is essentially not unaffected by the eigenvalue spread of the input signal
autocorrelation matrix (7], but the adaptive LMS delay has to be normalized as in Sec-
tion 6.5.1. The results are illustrated in Figs. 6.71 and 6.72 for a reference delay ramp and
a sinusoidal delay respectively in noiseless conditions. Note that, as in the case of the joint
LMS algorithm with normalized delay, the delay tracking is good, but that the amplitude

variations are nevertheless detrimental to the delay estimate quality.
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Fig. 6.868 LMS Adaptive delay response to a sinusoidal reference delay
variation when the RLS adaptive filter has 200 coefficients;
dashed curve: reference delay; 8 = 0.92, a = 0.02
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Fig. 6.69 Learning curve for the joint hybrid algorithm facing a delay
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Fig. 6.70 Learning curve for the single adaptive filter facing a
reference delay ramp of 0.01 sample/sample (note the scale
difference with Fig. 6.69); 8 = 0.92
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Fig. 6.71 Normalized LMS Adaptive delay response to a reference
delay ramp of 0.01 sample/sample when the RLS adaptive
filter has 200 coefficients; dashed curve: reference delay;

B =0.92, a = 2000
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Fig. 6.72 Normalized LMS Adaptive delay response to a sinusoidal
reference delay variation when the RLS adaptive filter has
200 coefficients; dashed curve: reference delay; 8 = 0.92,
a = 2000
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6.6 Summary

Numerous experimental results about the joint LMS and the joint RLS algorithms were
presented in this chapter. A typical reference filter was chosen, and white signals were
utilized in most of the simulations. The joint LMS algorithm was considered first. The
non-unique convergence property of the algorithm was illustrated and the theoretical delay
tracking bounds were computed. Based on these results, the delay tracking capabilities
of the algorithm were investigated, for a reference delay step and for a linearly and a
sinusoidally changing reference delay. Both the Type I and the Types II configurations
were considered, in noiseless and noisy conditions. The two types were compared together
and it was found that the Type II-DAB tracks better the reference delay variations, while
the Type II-DRB retards the adaptive delay response.

The theoretical results of Chapter 4 were computed and showed good agreement with
the simulations. The tracking capabilities of the joint RLS algorithm were simulated for a
short adaptive filter length. Both linearly and sinusoidally changing reference delays can
be tracked, in noiseless and noisy conditions. »

The joint LMS algorithm, with a typical reverberant room 200-tap impulse response,
was simulated in Type I configuration, with white, coloured and speech inputs. A normal-
ized LMS adaptive delay algorithm was used in the last case. The delay tracking charac-
teristics are found to be adequate, even in these more practical examples. Finally, a joint
hybrid algorithm, made of an LMS adaptive delay and an RLS adaptive filter, was consid-
ered when the number of coefficients in the filter is large. In this case, it was found that
even the RLS algorithm cannot cope properly with rapid reference delay variations. The
joint RLS algorithm is therefore not appropriate, and the addition of an LMS delay element

allowed the use of the filter in these adverse conditions.
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Chapter 7 Conclusions

7.1 Summary

The work reported in this thesis represents a contribution to the subjects of adaptive
time delay estimation and adaptive filtering. The conventional model used in time delay
estimation is first enlarged, in order to include an unknown linear reference filter. The
joint estimation problem is then formulated as a combined estimation of the delay and the
reference filter. Two types of combined systems are to be estimated; the Type I system,
in which the reference delay is located in front of the reference filter and the Type II
configuration, where the delay follows the filter.

Three estimation criteria are first considered. The maximum likelihood (ML) estimator,
for a finite observation interval and Gaussian signals, is derived in terms of a two-dimensional
noncausal linear MMSE point estimator and of a bias term. This joint estimator is then
specialized to the long observation interval case. The result is a new joint open-loop esti-
mator involving time-invariant filters, which can be made causal and used as a suboptimal
receiver for finite observation intervals. Closed-loop forms of this receiver are introduced
and discussed. It is concluded that the form obtained for the ML estimator is not well
suited for a practical application. But this form is instructive in that it is composed of a
delay element, in series with a group of filters derived from the estimate of the reference
filter. The structure of the joint MMSE and LS estimators is then introduced. It retains
the delay-filter form of the ML estimator, and is composed of an adaptive delay element in
series with an adaptive filter. The estimation criterion is used to minimize a function of the
squared error between the joint adaptive system and the reference system outputs.

The first derivative-based joint algorithm considered is the Steepest-Descent (SD) algo-

rithm. In this algorithm, the adaptive delay element is adjusted in the direction opposite to
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the derivative of the MSE function with respect to the delay. The filter adaptation algorithm
is the conventional SD algorithm, in which the filter response is adapted in the direction
opposite to the gradient of the MSE function with respect to weight vector. The MSE
function is derived and is shown to be related to both the adaptive filter and the reference
filter impulse responses, as well as to the input signal power spectral density. This typically
causes the performance surface to be multimodal with respect to the adaptive delay value.
A closed-loop derivative-based delay estimation is therefore subject to convergence to local
solutions. In the weight vector subspace, the convergence is unimodal since the MSE func-
tion is quadratic with respect to the weight vector. It is shown that when the gradient with
respect to the weight vector is zero, this corresponds to a necessary and sufficient condition
for convergence of the joint SD algorithm. This implies that the joint algorithm suffers also
from non-unique solutions in the joint weight vector-delay vector space.

The joint SD algorithm being composed of two adaptation algorithms, the alternation
of the two processes changes the convergence characteristics. For a joint algorithm which
alternates its two components in any fashion, simple conditions for convergence on the two
gain factors u and « are found. The bound on the filter gain factor y is identical to the one
for the usual SD adaptive filter. It is equal to the inverse of the maximum eigenvalue of
the input signal autocorrelation matrix. The bound on the delay gain factor is shown to be
such that o must be smaller than twice the inverse of the MSE function second derivative,
evaluated at the closest minimum. If the delay value is close to the optimum solution,
than o must be smaller than twice the inverse of £y;,. It is also derived that, in tracking
conditions, this second derivative is also inversely proportional to the delay time constant
of adaptation. It is demonstrated that the gain factors can be related to each other by
applying a constraint on the relative speed of convergence of the two adaptive processes.
The constraint is such that the adaptive delay is faster than the adaptive filter.

The joint Least-Mean-Square (LMS) algorithm is then presented as a stochastic im-
plementation of the joint SD algorithm. This algorithm is defined by replacing the MSE
function by the squared error in the SD algorithm. Three versions of the joint LMS algo-
rithm are shown to be of interest. The Type I configuration mimics the reference system of
the same type. The Type II-DAB form reproduces the Type II reference system where the
delay is located directly after the filter. The Type II-DRB estimates a Type II reference
system by using a negative adaptive delay in the reference branch. It is shown, by using the
ODE method, that if the adaptation factors are time-variant and both tend toward zero,
the joint LMS algorithm converges to a local minimum of the MSE function, like the exact

version of the joint SD algorithm. This result confirms the conjecture that if the adaptation
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factors are small enough, the joint LMS algorithm and the joint SD algorithms tend to
similar solutions.

Using a series of commonly made assumptions, the conditions on each gain factors,
for convergence in the mean and in the mean square, are derived for the three types of
configurations. It is found that the bounds on a and g, for convergence in the mean
of the LMS estimates, are identical to the bounds for the SD estimates in every type of
configuration. The bounds on «, for delay convergence in the mean square, are functions of
the ratio between £nqin and E[G2], a quantity that is a function of the input signal power,
the second derivative émim the reference power and the variance in the adaptive filter weight
vector estimate. The LMS delay estimate is shown to be unbiased and its variance is derived
to be a function of £, and E [G2], as well as a function of the variance of the delay derivative
noise estimate. The weight vector estimate is shown to be biased by a vector proportional
to the delay estimate variance and inversely proportional to the input signal autocorrelation
matrix. In Type I and Type II-DRB configurations, the condition for convergence in the
mean square of the weight vector estimate is found to be identical to the usual condition for
a single adaptive filter, i.e. u must be lower than the inverse of the trace of the input signal
autocorrelation matrix. For the Type II-DAB, the condition is more complicated, but it is
also identical with and without the adaptive delay. In all the configurations, the trace of
the weight noise vector correlation matrix is found to be proportional to the MMSE, to the
second derivative of the MSE function at its minimum and to the delay estimate variance.
The expressions for the excess MSE and for the misadjustment associated to the joint LMS
algorithm are derived. In every type of configuration, these expressions are shown to be
equal to the sum of three terms; a term specific to the delay estimate, a term specific to
the adaptive filter and a cross-product term related to both estimates. The cross-product
misadjustment is equal to the product of the two specific misadjustments. Among the
three types of joint configurations, the Type II-DAB is found to be the less appealing. The
location of the delay, after the adaptive filter, limits the tracking ability of the filter by
reducing the stability bound on u, and increases the excess MSE.

For faster tracking of reference variations, the joint recursive least squares algorithm
is presented. It is based on the least squares (LS) estimation criterion and minimizes
the sum of exponentially weighted squared errors, with respect to both the integer delay
estimate, defined as the “lag”, and the weight vector. Because of the short convergence
time of the RLS filter algorithm, the delay estimation and the adaptive filtering parts of
the joint algorithm have to be intimately linked to each other. This task is done by first

computing the RLS adaptive filter, and then by “extracting” the delay information from
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the resulting error and weight vector. Two joint RLS algorithms are derived and exploit the
data structure, in order to compute the adaptive weight vector and the lag value, within a
finite set, corresponding to the joint LS solution. In order to perform such a task, the sum of
squared errors is computed for each value of the integer delay estimate in the set of interest,
and the delay value corresponding to the lowest value is retained. This is accomplished by
using a series of lag-recursive relations that allows the efficient computation, based on the
LS solution for the current lag, of the sum of squared errors for other values of the lag. These
lag-recursive relations are derived, for both a Type I and a Type II-DRB configurations,
by using a geometrical approach, and are appended to the fast transversal filter (FTF)
adaptive filtering algorithm, in order to form the joint RLS algorithm. This new algorithm
is composed of three distinct phases. The first one involves the update of the forward and
backward linear predictors used in both the FTF and in the lag-recursive relations. The
second phase involves the use of the lag-recursive relations, in order to compute the current
optimum weight vector and to derive the sums of squared errors for the lags comprised in
the set of interest. The third computational phase involves a decision on the lag update and
the computations, in the case of update, of the new corresponding variables. This last task
is made easier by the use of some of the lag-recursive relations. This new joint algorithm
exploits fully the lag recursions in order to allow the serial computation, from a single set
of stored weight vector and error variables, of the information necessary for the decisions
about the lag update.

The analysis of the joint RLS algorithm shows that the delay adaptation process is
characterized by a discrete-time Markov chain, which renders the analysis difficult. Under
the assumptions used in the analysis of the joint LMS algorithm, the LS delay estimator
is shown to be unbiased, while the weight vector estimator is biased by the same quantity
found in the joint LMS algorithm. The weight noise vector correlation matrix is found to
be proportional, as in its joint LMS counterpart, to the MMSE, to the second derivative of
the MSE function at its minimum and to the delay estimate variance. The expression for
the excess MSE is derived to be also composed of three terms, bearing a form very similar
to the form found in the LMS algorithm.

The joint LMS and RLS algorithms are then simulated. The experimental set-up is
that of a system identification (cancellation) configuration. Spectrally white signals, as well
as coloured and speech inputs are considered. A short reference impulse response is used,
as well as a longer one, typical of a reverberant room. The delay estimation of time-varying
reference delays is illustrated, for both linearly and sinusoidally changing conditions and for

noiseless and noisy cases. For the short reference impulse response, the LMS adaptive filter
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can compensate for some of the reference delay variations, while for the long response, the
adaptive delay allows a considerable reduction of the mean squared error. For the case of a
speech input, a normalized form of the LMS adaptive delay is introduced, in order to cope
with the large input amplitude variations. In the joint RLS algorithm, the delay estimation
allows the adaptive filter to stay “centered” and to better model the reference filter. For a
long adaptive filter impulse response, a hybrid LMS delay-RLS filter is defined and reduces
considerably the mean squared error.

The analyses and the simulations of the joint LMS and RLS algorithms demonstrate
the ability of the joint techniques to improve upon the performances of the conventional
methods, when there is a relative delay between the main input and the reference signal.
In general, the joint algorithms produce a lower mean squared error between their outputs
and the reference signal. Furthermore, they allow the use of adaptive filters with a smaller

number of coefficients.

7.2 Contributions

This thesis has contributed to the theories of delay estimation and of adaptive digital
filtering, as well as to the field of joint adaptive algorithms. The major contributions of this

work can be summarized as follows:

1. The joint maximum likelihood estimator for a reference delay and a reference filter
has been derived for Gaussian signals, using both a finite and an infinite observation
interval. This estimator has been used to define the structure of the joint MSE and
LS adaptive estimators.

2. The joint steepest-descent and least-mean-square adaptive algorithms, composed of
an adaptive delay element and of an adaptive transversal filter, have been analysed
[41]. These algorithms constitute the generalizations of existing gradient-based time
delay estimation algorithms without reference filter. They can also be regarded as
upgrades of the conventional SD or LMS adaptive filter algorithms, since they allow
the synchronization, in a general framework, of the input and the reference signals
used by an adaptive filter. The joint LMS algorithm has been implemented and
tested under various conditions.

3. The interaction between the LMS adaptive delay and the LMS adaptive filter esti-
mates has been derived for three types of delay and filter arrangements. The joint
excess MSE expression was shown to be a function of three terms; one term specific
to the adaptive delay, one term specific to the adaptive filter and one cross-product
term related to both estimates. Experiments have confirmed the form of the MSE
expression.

4. An existing set of block-based lag-recursive relations has been extended to a set
of on-line relations. A new geometrical derivation has been used to obtain and
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interpret these relations. This set of relations allows the serial computation, from
an initial value of the RLS solution at a certain lag, of the LS weight vector and the
corresponding sum of squared errors for other lag values. These relations have been
verified by simulations.

A new type of joint adaptive delay and adaptive filter RLS algorithm has been
designed by appending the lag-recursive relations to the fast transversal RLS filter
algorithm and by using a serial computation of the critical parameters used for lag
update [42]. This algorithm has been implemented and tested for different conditions.

The joint RLS algorithm has been shown to produce an excess MSE bearing a great
resemblance with the excess MSE produced by the joint LMS algorithm.

For applications where large adaptive filters are required, the joint algorithms have
been shown to produce a significantly lower mean squared error. A hybrid joint
algorithm, formed of an RLS adaptive filter and an LMS adaptive delay, has been
successfully implemented for that purpose.

7.3 Future Work

The following points could constitute the basis for future research.

1.

It has been assumed, throughout this thesis, that the delay estimate is close enough
to the global minimum of the MSE function such that convergence to this minimum
happens. This assumption, although common in the delay estimation literature, is
not necessarily true in practice. Some form of delay acquisition procedure is necessary
and should be studied. The LS estimation criterion could be used for that purpose by
observing a block of input signal, and by applying an algorithm similar to the joint
RLS algorithm, for an extensive set of possible lags. This optimum lag algorithm has
been proposed in [63] and could constitute a parallel processor of the form proposed
in [43, p. 279], for minimum searching of a multimodal function.

. The problem of multitude convergence points and false lock of the delay estimator

has to be studied and solved. One solution is to periodically realign the adaptive filter
input and reference by acquiring a delay estimate close to the optimum. This could
be done off-line, by using a procedure similar to the one proposed for acquisition.

In the joint SD or LMS algorithms, a higher order delay loop could be used to speed
up the convergence rate.

Data reuse could be implemented in the joint SD or LMS algorithms by repeating one
of the two adaptive processes on the same input vector, as proposed in Section 3.3.

The joint SD and LMS algorithms could merge in some manner the two adaptive
processes. For example, the interpolator implementing the fractional delay element
could be incorporated into the adaptive filter. This would create a new class of joint
adaptive algorithm.

The possibility of implementing a computationally efficient joint RLS algorithm with
a fractional delay estimator could be investigated.
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7. The numerical stability of the RLS adaptive filter algorithm has to be reconsidered,
in light of its influence on the delay estimation.
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Appendix A. Derivation of the Joint Maximum Likelihood Estimator
For a Type I System

Based on a vector mathematical model, the form of the joint ML estimator, over an
interval [ny,n2], is derived. The likelihood probability and the likelihood function are
computed in Section A.l. The likelihood function is shown to be the sum of a noncausal
term £y (d,w) and a bias term £g(d,w). As noticed in Section 2.3.1, the function £y (d,w)
is expressed in terms of MMSE estimation. The MMSE estimator necessary to compute
Ly (d,w) is explicitly derived in Section A.2. The function €y (d,w) is computed for long
observation intervals in Section A.3. The material presented in this appendix is an extension
of the work reported by Stuller in {16]. The extension is done for a reference branch including
a linear filter, and the results are given here for discrete-time signals and systems. Most of
the derivations follow closely Stuller’s procedures, and it would make the reading easier if

his article would be consulted from time to time.

A.1 Derivation of The Log-Likelihood Function

The derivation is based on the mathematical model of equations (2.7) to (2.10). These

equations are reproduced here for convenience.

y(n) = s(n|d,w) + v(n), (A.1)
y1(n)

(n) = l ] (A.2)
’ y2(n)

(n|d,w) = o) (A.3)

’ - Lﬁ’w(n)[s(n)] '

vl(n)

v(n) = [ } : (A.4)
va(n)

Based on these vector definitions, the log-likelihood function is derived as in Stuller. First
of all, the received vectors y(n) is expressed as an infinite-dimensional vector y, using
the discrete-time normalized vector eigenfunctions f;(n|d, w) of the input signal covariance

matrix $ss(k|d, w), over an observation interval {nj,ns], i.e.

N
y(n) = jvlgrlw;yifi(nld,w), (A.5)
where s
yi= Y £f(nld, w)y(n). (A.6)
n=ny
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The covariance matrix is defined as
ss(k|d, w) = E[s(n + k|d, w)s” (n]d, w)], (A7)

and the normalized vector eigenfunctions are 2 X 1 column vectors satisfying the equations

n2
Ni(d,Wi(nld, w) = > ®ss(n — m|d, w)fi(ml|d, w) (A.8)
"2 1 fori=7j
£ nld, w)f;(nld,w) = A.
n;ﬂ(' )fj(nld, w) {0 ori £ 5. (A.9)

Note that A;(d, w) is the scalar eigenvalue associated with f;(n|d, w). It is assumed that the

covariance matrix ®gs(k|d, w) is a positive definite function, i.e. that [43]

ng ng
Yo N tH(n)ds(n - mld, w)f(m) > 0, (A.10)
n=n; m=n;
for any vector f(n) with finite energy over [ny,n2] f. In this case, all the eigenvalues are
real and strictly positive numbers, and the set of eigenfunctions is a complete orthonormal

set over the interval [ny,no], i.e.

ng N 2
ngnoo n;I [x(n) - ; :v,-f,-(n|d,w)} =0, (A.11)
for any finite energy deterministic vector function x(n) over [n1,n2] and
N 2
Jim B (u(n) - ; uifi(n|d, w)) =0, (A.12)

for any finite energy random function u(n) over [n, na].
Therefore, all the information present in y(n) is present in the vector yy =
[y1,¥2,-..,yn] for N tending to infinity. Given the parameters d and w, the y;’s are

independent zero-mean Gaussian random variables with variance

Ellyil*ld, w] = Xi(d, w) + No/2. (A.13)

t A finite energy vector function x(n) over [n;,n2] is such that
ny

> x#(n)x(n) < co.

n=n;

- 191 -



The joint probability density function of the y;’s, for 1 < ¢ < N, and given the parameters

d and w, is therefore

N 1 ] [ lyi|?
ld,w — ’ A.14
ropwonld ) = |1 o =2 | 3 E EATES ] M

The likelihood function £y (d, w) is obtained by taking the logarithm of PYy|D,W(YN|d, W),
when N tends toward infinity, and by making use of equation (A.6), which gives

fd,w)=—-= Zlnm{,\ (d, w)+ No/2}]

1—1

fi(nld, w)f# (m|d, w)
L83 S it

n_nl m=ny

(A.15)

Define the inner sum as @(n, m|d,w), for ny < n < nz,n; < m < ng. This function can be

expanded as

&, f;(n|d, w)fH(m|d, w)
Qnymid,w) = =5 =N s
/\,‘(d,W)
Ai(d, w) + No/2

Ai(d,w)
w,(n—m)l - N,,ZA(dw EY AT

- Ni 2 [f-'(nld,w)f,” (mld, w) -

o0

fi(nld, w)t# (m]d, w)

fi(nld, w)tf (m|d, w),

(A.16)
for n; < n < ny,n; < m < ny. Defining the function Q3(n,m|d, w) as

Qanmldn =3 jé‘;ﬂ, i nld, W (mld, ), (A17)

for n; < n < n2,n; < m < ng, the likelihood function of (A.15) can be written as

{(d,w)=—= ZIn[ZW{/\ (d,w)+ N,/2}]
I—l

+Ni S S ¥H(n)Qa(n, mld, w)y(m) (A.18)

- 2 Z v (n)y(m)b(n - m).

% n=ny m=n;
The likelihood of (A.18) can be simplified by dropping the last term and adding the term
In[/7 N,] since none of these terms depends on the estimates. This finally gives the desired

likelihood function
£(d,w) = ty(d,w) + £p(d,w), (A.19)
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where

ty(d,w) = 5 Z 2 v (7)Q2(n, m|d, w)y(m) (A.20)

n=n1 m=nji

and

0

5(d, w) = -%i [2’\ (d, w) ] . (A.21)

In (A.20), Q2(n, m|d,w) is is the matrix impulse response of the noncausal linear MMSE
point estimator of s(n|d, w), from the received vector y(n), given the parameters d and w

[43). It is given by the solution of the “normal” equation

—Qg(n m|d, w) + E Qa(n, k|d, w)®ss(k — mid, w) = &ss(n — m|d, w), (A.22)

k=ny

for n; < n < ng,n; < m < ny. The form of the estimator is given in Fig. A.1.

()"
yi(n) s 51(n) ” 1 g
Linear MMSE N, Lun=n,
° ; ¢y (d, £(d,
n) estimator s2(n) + v(d, w) f.{.L( w)
50 | Qalnmldw) |52 & i, T
(-)* fp(d,w)

Fig. A.1 Blockdiagram of the noncausal joint maximum likelihood
estimator (canonical realization number 1)

A.2 Derivation of Entries of Q;(n, m|d,w)

The form of the entries of Q2(n, m|d, w) are derived, for an observation interval [n1, ng],
by using Stuller’s constructive method [16]. The first step in the derivation of Q2(n, m|d, w)
is to noncausally transform the received vector y(n) into a new vector r(n). The transforma-
tion is linear and invertible and, by the reversibility theorem, does not affect the performance
of the system [43]. Its role is to transform the received vector, assuming the parameters

d and w, into a 2 X 1 vector r(n) in which the second component does not depend on the
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transmitted signal s(n) and the first component does. A transformation that accomplishes

this task is

r(n)=< =

[ | £7wlv2(m)]
0 ?

1 [yl(n) + Lf}}[yz(n)]}

y1(n) - £ 4 {va(n)]

y1(n)
[ L0 ’

Therefore, the vector r(n) takes the explicit form

0,

[sm)} [zl(n)}
r(n) = + ,
0 z2(n)

where

)~
zp(n) ﬁ

|

"

0,

Ly lv2(n)]
S

vi(n) + L7y [v2(n)]
[Ul(”) - L7, w[vz(n)]]

v1(n)
O b

- @[T <n<m

np <n<ny— l_d/TJ

ny — |d/T] < n < nyp.

n<ny - |d/T]

ny — |d/T| <n<np

ny < n,

-d/T| <n<m

ny <n<ng~|d/T]

ny — }_d/TJ <n<ng.

Note that C;%v[] is defined as (for a Type I reference system)

Ly ()] = v™l(n) ® y(aT + d)
= Z w™(@)y(nT - iT + d)

= Z w™l(nT — iT + d)y(i),

(A.23)

(A.24)

(A.25)

(A.26)

where w=1(n) is the impulse response of the inverse filter corresponding to w(n), i.e.

w(n) ® w™l(n) = 8(n)

(A.27)

At this point, the noncausal linear MMSE point estimate §(n|d, w) from r(n) is wanted.

A variant of Stuller’s theorem [16] is invoked to perform this task.
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Theorem. Assume a signal model of the form of equation (A.1), with
Efv(n)vH(m)] = %I&(n — m).

Assume that the linear invertible transformation of equation (A.23) is applied on y(n) and
gives r(n). Then, the discrete-time noncausal linear MMSE point estimator of s(n) from
r(n), n1—|d/T| < n < ng, conditioned on the parameters d and w, is given by the system of
Figure A.2, where f(n,m|d,w) is the impulse response of the noncausal linear MMSE point
estimator of z1(n) from zp(n} and g(n,m|d,w) is the impulse response of the noncausal

linear MMSE point estimator of s(n) from s(n) + 21(n) — z1(n). |

The proof of this theorem is identical, mutatis mutandis, to the proof given in [16].

ri(n) . o ai(n)
200 o migwy Caml] faln)

Fig. A.2 Structure of the discrete-time noncausal linear MMSE point
estimator of s(n) from r(n), n; — |d/T] < n < ng,
conditioned on the parameters d and w, as defined in the
Theorem.

The outputs of these two linear MMSE estimators are given by

n2

nmy= Y. f(r,mld,w)zn(m), - [d/T] <n<ny (A.28)
m=n1—|d/T]
and
n2
31(n) = 3(n) = Z g(n,m|d,w)[s(m)+ z1(m) — 21(m)], ny — |d/T] £ n < ny.
m=n,—|d/T]
(A.29)
From the orthogonality principle [45], the following conditions are met by the above esti-
mators

E[(z1(n) = 21(n))23(m)] = 0 (A.30)

and
E[(s(n) = 8(n))(s*(m) + z1(m) — 2] (m))] = 0, (A.31)
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for ny — [d/T] < n < n2 and 0y — [d/T] < m < ny. From equations (A.25), (A.26) and
(A.27), the following expected values are obtained

( -7_V2_gpw_1(n —m) ny —~ |d/T] <n,m < n
Elz1(n)z1(m)] = ¢ ivs—o[ﬁ(n —m)+py-1(n—m)]  ny <n,m < ng - [d/T](A32)
L%é(n—m) ng — [d/T] < n,m < ny

%[6@ —m) = py-1(n—m)]  n <n,m< ng - |d/T]

Elz1(n)7§(m)] = { (A.33)

0 otherwise

%—[6(71 —m) +pw-1(n - m)] ny < n,m< ng — Ld/TJ(

E[zy(n)z3(m)] = { A.34),

0 otherwise

where p,,—1(k) is the deterministic autocorrelation of the inverse filter w=1(n) and is defined
as [45)
py-1(k) = Z wl(i 4 B)w™*(5). _ (A.35)
i

A.2.1 The Estimator f(n,m|d,h)

Combining equations (A.28), (A.30), (A.33) and (A.34), it is found that f(n,m|d,w)

must satisfy

na—{d/T|-1
ST ki, wYB(k = m) + pyor(k = m)] = 6(n = m) = pyor(n = m),  (A36)
k=n,
for ny < n < ny — |d/T| and ny < m < ny — |d/T|. For a finite interval [ny ~ {d/T|, ng},

equation (A.36) can be put in matrix form by defining the deterministic autocorrelation

matrix
Pw-1(0) Pu-1(1) v Py-i{nz = ny = |d/T] - 1)
Py-1(~1) Pu-1(0) cee py-1(nz —n1 — [d/T] - 2)
R, = : : :
pu-i(n1 = np +[d/T1) py-r(n =y + [d/T] +2) ... Py-1(0)
(A.37)

and the deterministic cross-correlation vector

6(n = n1) = py-1(n — 1)
Pso(n) = : ) (A.38)
§(n-ny+ |d/T] +1) = p,-1(n—n2+ |d/T] + 1)
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Define also the estimator vector

f(n’n1|d1 W)
F(n) = : . (A.39)
f(n’ ny — l.d/TJ Ids W)

Equation (A.36) then becomes

(I+Rp)F(n) = Psy(n) (A.40)

and its solution is

F(n) = (I1+R,)"!Ps,(n). (A.41)

Note that the inverse in (A.41) exists since w(n), and therefore p, _1(n), is assumed invert-
ible. Note also that the estimator impulse response is independent of the delay d. Defining

the ij** element of the matrix (I+ R,)"! as 6j, f(n,m|d,w) can be expressed as

ng—|d/T|-1
fr,mld,w)= 3" Oim[b(n = 4) = py-i(n - i)]
1=ny
naeld/T|-1 (A.42)
=0um — Z Bimpy-1(n — 7).
i=n1

A.2.2 The Estimator g(n,m|d,w)

From equations (A.29) and (A.31), the linear MMSE estimator g(n,m|d,w) is the so-
lution of

$ss(n — m) = E[3(n)(s*(m) + z}(m) — 3}(m))]
n2
= > g(nkld,w)E[(s(k) + z1(k) - 21(k))(s*(m) + 2] (m) — 2] (m))]
k=n,-d/T|
Z g(n, k|d, w)dss(k — m)
=ny—|d/T]
+ Y g(nkld,w)E[(z1(k) - 21 (k))(2H(m) — 3 (m))],

k=ny—|d/T|

(A.43)

- 197 -



forn; — [d/T| < n < n3 and ny ~ |d/T| < m < ny. Using equations (A.28), (A.29), (A.30),
(A.32) and (A.33) in equation (A.43), g(n, m|d,w) is the solution of

n2

ss(n—m)= D g(n,kld,W)pss(k — m)
k=ny—|d/T)

ny—~1
4 _j‘g Y g(n kld,W)[py-1(k = m) = Yaf(k, m|w)]
k=n1—|d/T]
y, m2 LT
+=2 Y g(nkld,w)B(k = m) + pyr(k = m) = f(k,miw)] (A.44)

k=711
na n2—|d/T|-1

+=2 Y > 9(nkld,w)f(k, il W)py-1(i — m)
k=ny—|d/T| 1=n
ny

+ Z_‘;_o S g(n,kld, w)[(k - m) — Yaf(k, mlw)),
k=ny—{d/T]

for n1 — |d/T] < n» < ny and ny <m < ng - [d/T] — 1. Note that all the terms in (A.44)
involving f(k, m|w) are zero for m outside [ny,n9 — |d/T| — 1]. Using equation (A.36) in
equation (A.44) simplifies the result to

¢ss(n - m) =

ny-—1
Z g(n, kid,w) [¢33(k -m)+ %3{6(k —m)+3p,~1(k—m) - 2f(k- mlw)}]
k=n;—{d/T}
na—{d/T}~1 .
bY oW [puall = m) + S48k = m) - f(k - mpw))|

k=n,
n2

b Y ankdw) et m)+ (50 m) = pyesh = m) = 2105 - miw)].
k=n3—|d/T]
(A.45)

A.2.3 Explicit Entries of ¢3(n, m|d,w)

From Figure A.1, the following relations, involving the entries ¢;;(n, m|d, w), are found

n2

s1(n) = Y qu(rn,mld, wyi(m) + qr2(n, m|d, w)ya(m)
"':’” (A.46)
32(“) = E Q2l(nvm|d7 w)yl(m) + QZZ(n7m|d7w)y2(m)'

m=ny
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By solving equations (A.36) and (A.45), the linear MMSE estimator f(n,m|w) and

g(n,m|d,w) are obtained. From Figure A.2, the following input-output relations are found

nyj—1
31(n) = Z g(n,mld,w)ﬁ;t,[yz(m)]
m=n,—|d/T]
ng—|d/T}-1 ‘ ( ng—|d/T|-1
+1/2 ) g(mmld,w) |m(m)~ Y f(m, lw)yi(0)
m=n; L l=n1
ny—|d/T|-1 [ ny—d/T]-1
+1/2 )" g(n,mld,w) Loly(m]+ ) f(m, €w) L7 [ya(0)]
m=ny I {=n
ng l
+ ). g(n,mid, w)y(m)
m=n2-|_d/T]
(A.47)
and
82(n) = Lg w[31(n)]. (A.48)
Define the following functions
ng—|d/T|~-1
b(n,mld,w)= Y g(n,ild,w)f(i,mlw) (A.49)
i=n,
ni+d/T)~1
pn,mid,w)= Y g(nT,iT - d|d,w)w™ (i — m) (A.50)
i=n1
n2
pa(n, mld, w) = > g(aT,iT ~ d|d, w)w™ (i — m) (A.51)
i=ny+|d/T]+1
no—1
a(n,mld, W)= > b(aT,iT - d|d, w)w™'(i - m). (A.52)
i=n1+|d/T}

Using equations (A.26),(A.49) to (A.52) and performing a change of variables, equa-
tion (A.47) becomes
na—|d/T]-1
Wm)y=1/2 Y [g(n,mid,w) - b(n,m|d, w)]y;(m)

m=n,
n2

+ Z y(n1m'd,w)yl(m)
m=ny—|d/T)|
ni+1d/T|-1

+ Y. pi(r,mld, w)ya(m)

m=n;

(A.53)

ng—1
+1/2 Z [p2(n, mld, w) + a(n, m|d, w)]ya(m).
m=n;+|d/T|
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Comparing equations (A.46) and (A.53) and using (A.48), the explicit forms for the

gij(n, m|d,w)'s are

1/2[g(n,m|d,w) — b(n,m|d,w)] np<m<ng— d/T] -1
q11(n, m|d, w) = (A.54)
g(n,m|d,w) ne — |d/T} <m < ny
pl(nvm‘d,w) np<m<n+ I.d/TJ -1
q12(n, m|d, w) = (A.55)
1/2[pa(n, m|d,w) + a(n, m|d,w)] ny+ |[d/T|<m<ny—-1
Q21(TL, m|d7 W) = Ld,W[qll(n’ m|d7 W)] (A56)
q22(n7 mld$ W) = Ed,w[412(na mld1 W)] (A57)

and n; < n < ny.

A.3 The function ¢y(d,w) for a Long Observation Interval

The function fy(d,w), when ny — —oo and ny — oo, is computed in this section
by using the results derived in Section A.2. Because the function p,-1(n) is invertible
(the reference impulse response w(n) is assumed invertible), the time-invariant functions
f(nlw) and g(n|w) are solutions of equations (A.36) and (A.45) respectively. Then, using
equations (A.49) to (A.52) in equations (A.54) to (A.57), and neglecting the terms involving
|d/T], (because of the large observation assumption) the entries of the matrix impulse

response (Jo(n|d, w) are also time-invariant and are given by

qui(n|w) = 1/2[8(n) - f(n|w)] ® g(n|w)
q12(nld, w) = 1/2[5(n) + f(nlw)] ® g(nT + dlw) ® v~ (n)
g21(nld, w) = 1/2[6(n) - f(n|W)] ® g(nT - d|w) ® w(n)
@22(nlw) = 1/2[8(n) + f(n|w)] ® g(n|w).

(A.58)

From equation (A.20), and from the above definitions of the matrix entries, when ny — —oo

and ny — 0o, the likelihood £y (d, w) is given by
by (d,w) =1/2N, Y _[(6(n) + f(n}w)) ® ¢(nT + diw) @ w™'(n) ® y2(n)]y}(n)
+ 1/2N: > _[(8(n) = f(n|w))® g(nT - d|w) ® w(n) ® y1(n)]y3 ()
+ 1/2N, 2:3[(6(n) ~ f(rlw))® g(nlw)® y1(n)lyi(n) (459

+1/2N5 >_[(8(n) + f(nlw)) ® g(n|w) ® y2(n)]y3(n)-
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Note that the first two terms of equation (A.59) can be written as

ty1(dyw) = 1/2N, S _[(8(n) + f(n]w)) ® g(nlw) ® w™1(n) ® ya(nT + )]y} (n)

(A.60)
+1/2N5 ) [(8(r) = f(nw)) ® g(n|w) ® w(n) ® y1(nT ~ d)]y3(n).
Define
wi(n|w) = [6(n) - f(n|w)] ® g(n|w) ® w(n) (A.61)
and
D(nlw) = [6(n) + f(n|w)] ® g(n|w) ® w™!(n). (A.62)

Use definitions (A.61) and (A.62) and equation (A.60) in equation (A.59) in order to get
ty(d,w) =1/2N, ) _[(n|w) ® y2(nT + d)]yi(n)
n

+1/2No ) _[wi(n|w) ® y1(nT - d)]y}(n)

(A.63)
+1/2, 3 [wi(nlw) ® w1 (n) ® y1 (W)]y(n)

n

+1/2N, Y _[(n|w) ® w(n) ® ya(n)]y3(n).

When n; — —oo and np — oo, equations (A.36) and (A.45) become respectively, in

the frequency domain,
F()[1+ [Winy(e™)2] = 1 = [Winy(e™)[? (A-64)

and

Baa(c) = G(e) [@(e) + 221 - F(ei“’)}] . (A.65)

Note that Wiy (e7¥) is the Fourier transform of w™1(n) and is defined as 1/W(e/¥).
From equation (A.64), the linear MMSE estimator f(n|w) has the following frequency

response »
wy _ W(e)2 ~1
F(el¥) = ————. A.66
(e ) |W(er)|2 +1 ( )
From equations (A.65) and (A.66), the linear estimator g(n|w) has the following frequency
. response . .
: Bos(e2)(IW (7)) +1)
G(e?Y) = 39 - . A.67
)= G )P+ D + Vo2 (467
The impulse responses wy(n|w) and @w(n|w) can then be expressed as
_ _ 2G(ej“')W‘(ej“’)]
— -1
s = 1= (2 (A.68)

wi(nlw) = W(n|w) ® cw(n).
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where F~1[.] is the inverse Fourier transform operator and c,(n) is defined as
cw(n) = w(n) ® w(n).
Note that

> lio(n|w) @ y2(nT + d)yi (n) = Y Y w(klw)yz(nT - kT + d)yi(n)
n k

n

=Y 3 @(nT ~ €T + dlw)ya(O)yi(n)
n ¢

= 2; > (i = dw)yi (T ~ dyya(¢) (469
= ;[f;(—nIW) ® yi(nT — d)lya(n).
From equations (A.68) and (A.69), equation (A.63) can then be written as
by (d,w) =1/2No Y [(-njw) ® y;(nT - d)]ya(n)
+ 1/21\:, > [(nlw) ® cw(r) ® y1 (nT ~ d)]y3(n)
" (A.70)

+1/2N, Y _lib(nlw) ® w(n) ® y1(n)lyi(n)

+1/2No Y _[@(n]w) ® w(n) © ya(r)]y3(n).

n
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Appendix B. The Ordinary Differential Equation (ODE) Method

A heuristic discussion on the development of the ordinary differential equations associ-
ated with equations (4.9) and (4.15) of section 4.2 is presented in this appendix and can be
found in [53] or in [4].

Assume a recursive parameter vector estimation method of the form of equation (4.9),

but with a scalar gain sequence y(n), i.e.

B(n + 1) = 8(n) + v(n)R™'(n)y(n)e(n), (B.1)

with
R(n + 1) = R(n) + 7(n + 1)[$(n + 1)pT (n + 1) — R(n)]. (B.2)

Assume that the parameter vector @(n) approaches @(n — 1) asymptotically (subject to

regularity conditions such as stability, stationarity, etc.). Express 8(n + N) as

n+N-1 .
6(n+N)=0(n)+ D v(HRT(K)P(k)e(k), (B.3)
k=n
where equation (B.1) is used. Suppose that R~1(k) in equation (B.3) is fixed to be R~(n)
for the interval N. Using the law of large numbers, the summation of the terms ¥(k)e(k)
can be approximated by E[(k)e(k)] and equation (B.3) can be approximately written as
n+N-1

B(n + N)~ 8(n) + R () E[p(k)e(k)] D (k) (B.4)

k=n

where the expected value E[t(k)e(k)] is defined as f(8(n)). Define the compressed time

scales:
n
=" (k)
k=1

n+N-1

Ar = Z v(k).

k=n

(B.5)

Changing the time scale from n to T and mapping 8(n) into 8 p(7), equation (B.4) becomes
Op(r + Ar) ~ 8p(7) + ATR™I(r) f(8p(r)). (B.6)

Asymptotically, when A7 becomes small, (B.6) reduces to

B0 o R=1(1)1(6p(7), (B.)
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which is approximately the first equation associated with (B.1) and (B.2). The second

equation, given by

R~ atop(r)) - R(r) (B8)
with
Gl8p(r)] = E[%(n)9 (n)], (B.9)

is heuristically obtained in a similar way. Note that the case of a matrix gain sequence y(n)

is comprised in the above derivations when g(n) = v(n)IL.
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Appendix C. Cross-Correlation of Differentiated Random Processes

The relations derived in this appendix are obtained using the theory of linear systems
with stochastic inputs. The results presented below are often used in the analyses and
follow the examples given in reference [45], pp. 237-239.

Consider two stationary complex random processes z(t) and y(t). Their cross-

correlation ¢zy(7) is defined as
¢sy(7) = Ela(t1)y*(t2)] (C.1)
where 7 is defined as :
T =1 — ta. (C.2)
It is assumed that the two random processes are delayed by the same delay d, i.e.
z(t;) = z(t - d)

y(t2) = y(t — 7 —d).
In the following sections, the derivative with respect to the delay d and with respect to
T are denoted as follows

920) 40y
od

z() .

20— i)

dd?

327() = I,(') (C3)
or

22(.

aaig) — z"(-).

C.1 Cross-correlation of #(t) and y(t)

Because of the linearity of the differentiation operator, the following is true

Ela(t)y*(12)] = E [az(tl)y*(tz)]

0d
_ g |0 0z(t) .
= 5| a2y (C.4)
_ 04 0E[=(t)y*(t2)]
Y oty '
Noting that
o _ o _
0d ~ 8d ~ 7
equation (C.4) becomes
. . ar 0¢z
Elo(un)y* ()] = — g 0. (3)
Therefore
Elz(t1)y"(t2)] = —@lry(7)- (C.6)
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C.2 Cross-correlation of z(t) and §(t)

Using the same type of development as above, we have

E[z(t)i*(t2)] = E [z(tl)ay;g”]
- B | 3222 L)
_ Otz 91 O¢ry(r)
T 8dat, or

Then
Elz(t1)y*(t2)] = ¢py(7)- (C.7)

C.3 Cross-correlation of z(t) and (1)

Using the results of the last two sections

OE[&(t1)y*(t2)]
or
0pzy(T)

or
- _32¢zy(7')
- ar2

Ef&(t1)y*(t2)] =

the desired cross-correlation is

E[a(t1)i"(t2)] = ~lzy (7). (C.8)

C.4 Cross-correlation of () and y(t)

From the double application of results (C.6), we have

E[#(t1)y"(t2)] = ~d(7)

__9(=4y(7) (C.9)
B od
= ¢gy(‘r)

C.5 Cross-correlation of z(t) and j(t)

From the double application of results (C.7), we have
E[z(t1)§*(t2)] = ¢4(7)

(C.10)
= ¢I:I:y(r)
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Appendix D. Some Expected Values For a Type I Adaptive System

The expected values necessary in the computations of Section 4.3.1 are derived in this
appendix. The results of equations (4.34) to (4.38) and those of appendix C are used in the

following derivations.

D.1 Expected Value of G,

The quantity Gy, is defined in (4.45) and its expected value is
E[Gn] = E[j*(n, D) - e(n, D)ji(n, D)]
= E[§*(n, D)| - Ele(n, D)j(n, D)].
From (4.34) to (4.38) and appendix C, we have
E[3*(n, D)] = E[(87(n)/ddn + X(n, D))*]
= E[(8#(n)/8dn)?] + E[5*(n, D)] (D.2)
= —¢%:(0) + E[5*(n, D)].
The quantity E[x2(n,D)] is expressed as
E[*(n, D)) = Elngi(nT - D)oz a(nT - D)|

=F i(n)i(nT — DYn;(n)i;(nT — D
[‘L’:Zj:n( )i )nj(n)i( )] (D.3)

= Z Z Elni(n)u;(nT — D)nj(n)i;(»T — D)].

i
Since the input vector and noise vector components are assumed to be formed of Gaussian

random variables, we have [66]
E[ni(n)ii(nT - D)nj(n)ij(nT — D)] = E[ni(n)ii(nT — D)|E[nj(n)i;j(nT - D)]
+ E[ai(nT — D)nj(n)}E[ni(n)i;j(nT - D)] (D)
+ Efii(nT - D)i;(nT — D)l E[ni(n)n;(n)].

Every correlation of a noise vector component with an input sample is zero and, from

assumption 5 of Section 4.3,

Elm(n)nj(n)] =0  for i#j.
Therefore, equation (D.3) simplifies to

E[i¢*(n, D)] = 3, Ela}(nT - D)]Elni(n)]

(D.5)
= ~¢uu(0) ) Elri(m)).
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The sum of the variances of the noise vector components is equal the trace of the correlation

matrix of 9, defined as

Ky = Elnans), (D.6)
and (D.5) can be written as
E[i*(n, D)] = = (0)tr[Ky]. (D.7)
Then, equation (D.2) is
E[§*(n, D)} = =4:(0) - ¢4, (0)tr[Ky]. (D-8)

The second component of E[Gy] is
E[e(n, D)i(n, D)] = E[(r(n) - y(n, D))i(n, D)]
= E[r(n)(8%H(n)/8d% + X(n, D))] - E[y(n, D)j(n, D)]
= ¢7:(0) — 67:(0) — ¢y, (0)tr{Ky] (D.9)
~ 67:(0) — #3:(0) — ¢4, (0)r[Ky)
R —Byy (0)tr{Kq],

where the last two approximations come from the high signal-to-noise ratios assumption.
From (D.1), E[G,] is then
E[Ga] = ~414(0)

(D.10)
~ _¢IT!1°(0)7

for high signal-to-noise ratios.

D.2 Expected Value of (1 — 2aGy)N,

From equations (4.44) and (4.45), the expected value is written as
E[(1 - 2aGy)Np] = E[Ny] — 20E[GnNy]
= 4aE[(4*(n, D) - e(n, D)j(n, D))(e(r, D)i(n, D))] (D.11)
= 4a(E[§°(n, D)e(n, D)] - E[ifn, D)i(n, D)e’(n, D))).
All the random variables involved in (D.11) are assumed zero-mean Gaussian and from the
fact that E[Ny] = —2E{e(n, D)y(n, D)] = 0, we have
E[i*(n, D)e(n, D)) = 3E[§*(n, D)|E[il(n, D)e(n, D)]
= (=3/2)E(§*(n, D)|E[Nn] (D.12)
=0
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d
" Bli(n, D)i(n, D)eX(n, D)] = Eg(n, D)i(n, D)|E[eX(n, D)

+ 2E[j(n, D)e(n, D)] E{j(n, D)e(n, D)]

(D.13)
= ~(¢42(0) + ¢{)(0)) Ele*(n, D)}
= 0.
This last result follows from the autocorrelation property that states [74]
Suu(—T) = Duu(T) < duul(0), T # 0, (D.14)

which forces the first and third derivatives of the autocorrelation to be zero at m = 0.
The final result is then

E[(1 - 20Gp)Ny] = 0. (D.15)

D.3 Expected Value of G2

From equation (4.45), this expected value is written as
E(G}] = E[(#*(n, D) - e(n, D)ii(n, D))]
= E[i*(n, D)) - 2E[§*(n, D)e(n, D)j(n, D)] + Ele*(n, D)j*(n, D)].
From equation (4.34), the first term of (D.16) is expressed as
E[§*(n, D)} = E[(87/8dn + X(n, D))*]
= E[(8%/0dn)*] + 4E[(87/0dn)*X(n, D) + 6 E[(87/8ds)?x*(r, D)] (D.17)
+ 4E[(8#/8dn)x®(n, D)] + E[x*(n, D)].

Since 0#/0d, and x(n,D) are assumed to be zero-mean independent Gaussian random

(D.16)

variables, the second and fourth terms on the right of (D.17) are zero. The first term is {45]
E[(07/9dn)*] = 3(E[(9%/0dn)*))*

(D.18)
= 3(¢7:(0))%.

The third term is
6 E[(07/8ds)*x*(n, D)) = 6E[(87/0da)*| E[i’*(n, D))

(D.19)
= 6¢%:(0)¢4u(0)tr[Ky]

where the result of (D.7) was used.
From a development analog to equations (D.3) to (D.7) and assuming that x(n, D) is
Gaussian, the fifth term of (D.17) is found to be

E(x*(n, D)) = 3(E[x*(n, D)])?
= 3(¢4a(0) ) Elrf(m)])* (D.20)

= 3(¢h,(0)tr(K,])2.
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Collecting the results of (D.18), (D.19) and (D.20), we have
E[§*(n, D)) = 3(#7:(0))* + 667 (0)¢uu (0)tr{Ky] + 3(¢ (0)tr{Ky])%. (D-21)

The expected value E[j2(n, D)e(n, D)j(n, D)) in the second term of (D.16) is computed as

follows
E[3*(n, D)e(n, D)j(n, D)} = E[§*(n, D)|Ele(n, D)j(n, D))
+ 2E[9(n, D)e(n, D)|E[j§(n, D)j(n, D)]

= —(¢:‘I1‘-( + ¢Zu(0)tr[KTI] (¢” (0 ¢;~’r(0) - ¢Zu(0)tr[K7)])s
(D.22)

where equations (D.8) and (D.9) were used. The third term of equation (D.16) is computed

as follows
E[e*(n, D)i*(n, D)] = E[e*(n, D)|E[§*(n, D)} + 2E?[e(n, D)ji(n, D)]
= E[(r(n) - y(n, D))*|E[(6%#/8d% + X(n, D))*]
+ 2(¢7£(0) — ¢7:(0) — By (0)trKy))? (D.23)
= (6rr(0) = 67#(0) + Suu(0)tr[Kq])(#42(0) + 44 (0)tr{K,])
+ 2(81:(0) — ¢2:(0) — ¢y, (0)tx{Ky])?.
Collecting equations (D.21), (D.22) and (D.23), the final result is

E[G}] =3(7:(0))? + 667:(0)8y4(0)tr[Ky] + 3(¢y (0)tr[Ky])?
+ (rr(0) = ¢#:(0) + Sua(0)tr[Kp])(85(0) + 43 (0)12(K)) (D.24)
+ 2¢7:(0)(67#(0) = ¢7:(0) — ¢y (0)t2[Ky)).

D.4 Expected Value of N2

Using equation (4.44) and the results (D.23), (D.8), this expected value is
E[Nz] = 4E[e*(n, D)i(n, D)]
= 4E[e*(n, D)|E[§*(n, D)] + 8E*[Ny) - (D.25)
= —4(8rr(0) = 677(0) + buu(0)tr{Ky])(#7:(0) + ¢y (0)t1[Ky]).
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Appendix E. Shift Invariance Properties and Common Recursions in
the LS algorithm: Type II-DRB

E.1 Shift Invariance Properties in the LS algorithm:Type II-DRB

Based on the definitions of Subsection 5.2.1, the following shift invariance properties
can be established

(i) = [“Af"l(i) ] - [u(i) | l : (E.1)
u(i—-M+1) up—(2-1)
Using (E.1) in (5.19)
Z B upr 1 ()r*(i+ €)
o) = |7
L D B (i = M+ 1)r*(i + ) (E.2)
1=1
_ r05&1—1(”)
LglM(n) ’
where
85(n) = A" u(i - M + 1)r*(i +£). (E.3)
1=1
Also,
Y Bt +0)
DlM(n) = '=nl
[ DN VYRR CER VA (RS (E.4)
=1 J
_ [ 854(n)
B _Olﬁ'l"_l_l(n- 1) ,
where
Br(m) =) B u(i)r (i + ©) (E.5)
=1
and

Y B g (i = D+ 0)

i=1
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n—1
=Y A" Ty ()G L+ 1)

1=0
n—1

=Y B uy G+ 4 1) + 8" Ty (0t (2 + 1) 9
=1

= 05‘-}.11('", - 1),

since ups_1(0) = 0 in the prewindowed method. The following shift invariances can also be
established (7]

b
o= (35700 0]
M-1 TM-1
8y () = | M) () ] E.8
) [rM_1<n> ®y_1(n - 1) e
where .
th_i(n) = Y A"y (iut(i~ M+ 1) (E-9)
1=1
rh_1(n) = 3 8" tupr_y (i - Dut(s) (E.10)
=1
rht_i(n) = Zﬁ""lu(z-M+1)l (E.11)
1=1
rM (n) = Z,B""[u( (E.12)
1=1

E.2 Common Recursions
The two following recursions are easily derived
$1(n) = B&py(n — 1) + upr(n)ufy(n) (E.13)

8 (n) = B8y (n - 1) + upr(n)r*(n + €). (E.14)

Using the matrix inversion lemma, the following recursion is obtained [7]

B3 (n — Duy(n)ufy(n) @3 (n ~ 1)

=)y =81 n~1)-
)y (n) =58y (n-1) 1+ﬂ—luﬁ(n)§—Ml(n—1)“M(n)

(E.15)

Define
gu(n) = 837 (n - uy(n) (E.16)
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and

Tar(n) =1+ 7 g (n)up(n). (E.17)
Then (E.15) becomes
§(n)
871(n) = 87183 (n -1 —ﬂ-2§M—(n)—gﬂ-—. E.18
() = 8785 (n - 1) o (E.18)
The following recursion can be derived using the above shift invariance properties [7)
_ 0 0T 1 1
&7t (n =[ -1 ]+———— 1 —afl _(n), (E.19
m(m) =g 831 =D T Fy1(0) | —ay_y(n) [ M-1(n)),  (E.19)

where ajs_q(n) is the optimum weight vector for the one-step forward linear predictor of

order M — 1 and can be obtained as

ap—1(n) = &3_(n — Vrf,_ (n), (E-20)
and Fjy_;(n) is the corresponding minimum value of the sum of weighted forward a poste-

riori prediction-error squares defined as
n

Fpr—1(n) = D B fy—1 ()2, (E.21)
=1 i
with
Fr—1(3) = (i) — aly_ (n)upg_1(5 - 1). (E.22)

Another recursion analog to (E.19) is

831, (n) o] 1 [ =bpy_1(n)

q"'A'll(n) = [ MoT 0 BM—I(n) X

where bys_1(n) is the optimum weight vector for the one-step backward linear predictor of

] (b _(n) 1], (E.23)

order M — 1 and can be obtained as

byr—1(n) = ®37_, (m)ehy_,(n), (E.24)
and Bps_i(n) is the corresponding minimum value of the sum of weighted backward a

posteriori prediction-error squares defined as
n

Byr-1(n) = Y A" by (i), (E.25)
with =
bpr—1() = u(i — M +1) = bl _ (n)upr_1(5). (E.26)
Using (E.10), (E.12) and (E.22) in (E.21), the following expression is obtained
Fyr_y(n) = rig_y(n) = rff (n)ap_1(), (E-27)
and using (E.9), (E.11) and (E.26) in (E.25),
By-1(n) = r31_1(n) — 51 (n)bpyr—1(n). (E.28)
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Appendix F. Basic Fast Transversal Filter Algorithm

The basic form of the fast algorithm considered in the thesis is given in this appendix.
Its derivation is not performed here, since it can be found in many textbooks ([7] or [2] for
example). The algorithm presented has been chosen because it exhibits the same basic inter-
mediate variables as those appearing in the matrix-based derivation given in Appendix G.
In fact, the most part of the relations and recursions appearing in the fast algorithms are
derived in Section G.3. The FTF algorithm that is favored is the fast a posteriori error
sequential technique (FAEST) of Carayannis et al. [62]. As with the FTF of Cioffi and
Kailath [61], the algorithm can be interpreted as a parallel bank of four transversal filter;
two for the forward and backward linear predictors ap;(n — 1) and bys(n — 1), one for the
Kalman gain vector gps41(n) and one for the actual adaptive weight vector v‘vﬁl(n - 1).
This is illustrated in Figure F.1. Note that it is assumed that a Type II-DRB adaptive
system is used. The modifications of the FTF algorithm in order to accommodate a Type I

system are straightforward.

num(n)
apy(n—1) F—— fy(n)
Fy(n)

Yy (n)
bM(n-—l) = bp(n)

uy(n) | By (n)

gM+1(n) = vp41(n) = vu(n)

ap(n,t)
v‘vﬁl(n -1) p— enu(nf)
Eo(n,€)
Fig. F.1 Fast Transversal Filter Interpretation

The algorithm is usually separated into two distinct phases; the Kalman gain vector
time updating, which is accomplished through the first three transversal filters, and involves
the orthogonalization of the input signal with the forward and backward predictors of order
M, and the least squares FIR filter time updating, which is performed recursively using the

updated Kalman gain vector.
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Time updating of the gain vector

au(n) = u(n) — aff(n - Duy(n - 1)

_ _nm(n)
fM(n) - 7M(n _ 1)

ap(n) = ap(n—1)+ 8" gy(n-1)fi(n)
Fy(n) = BFp(n — 1) + npr(n) f34(n)

gM+1(n) = ’ +‘M 1
guin=1)] M- 0y m-1)

gym(n) = [gm+1(n)Im + gm+1,M+1(n)bps(n - 1) (F.1)

|mag(n)|2
BFy(n—1)
Yp(n) = gm41,Mm41(n)By(n - 1)

TM41(n) = 7y(n-1)+

1m(n) = Yu+1(n) = B g1, m1(n) ¥} (n)
_ ¥u(n)
Tm(n)
by(n) = byr(n — 1) + B ga(n)b}y(n)
By (n) = BBpy(n — 1) +¥p(n)biy(n)

Time updating of the LS FIR filter

by (n)

ay(n,€) = r(n+ £) — wir(n — Duy(n)
apy(n,f)

Tum(n)
whe(n) = wi(n — 1) + B gpr(n)ely(n, £)

6M(n,£) = (F.2)

! The notation [v]m stands for the vector made of the m first components of the vector v and |v]m, for
the vector made of the m last components of the vector v.
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Appendix G. Matrix-based Derivation of the Error and Weight
Vector Recursions: Type II-DRB

It is assumed that the least squares weight vector »‘vﬁ[(n) and the corresponding least
error squares £ Mo(n, ) are available at iteration n. It is desired to compute, from these
values, the least error squares for £ — 1 and £ + 1, and the least squares weight vector
corresponding to the lowest error. Recursions for the error are first developed, followed
by similar recursions for virﬁ; 1(n) and v‘vﬁ'}‘ 1(n). The derivations follow closely the ones

presented in [63] for a fixed-length block of data.

G.1 Recursions for the Error

The least squares error, for lag £ in the reference path, can be expressed as [7]

Exto(n, ) = Ea(n, £) - 657 (n)W$,(n), (G.1)

where
n

e _ n—1 . 2
gd(n,e)—gﬂ (i + £)| G2)

= Bey(n = 1,6) +Ir(n + O,
Use of (E.4) and (E.19) in (5.20) gives

Wig(n) =
0 oT 1 [t g Bi¢(n)
{ [0 31_1(n - 1)] R [ - aM_I(n)] . aM‘l(n)]} [a‘gﬁl(n - 1)}
_ {o ] L1 s (n) — afl_ (n)041 (n - 1) 63
Wil =] P | —ay ()@ (0) - af (8L (- 1))

Noting that )
HlM(n) - aﬂ_l(n)ﬂﬂil(n -1)

¢
wiy(n) = G.4)
IM( ) FM—](") (
is the first component of v‘vﬁ,{(n), (G.3) can be written as
0 i pr(n)
wir(n) = [ ] + [ . (G.5)
Wil -D] L - ayoa(n)uiy(n)

Use of (E.4) and (G.5) in (G.1) gives

EMo(n,0) = Ea(n,0)
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~[B4i(n) 03?_‘3”@—1)1{[0[ 1 ]+ [fvfm) | ]}
Wif-i(n—1) — ap—1(n)wiyp(n)

= E4(n, £) — !y ()[85 () 0L ) (- Va1 (n)] - 0ETH (- 1)WhHL (n—1). (G.6)
Write £;(n, £) as

n—1

E(n,0) =) B 1 r(i+ £+ 1))

1=0

n—1 ‘ G.7
= B G e+ VP + 8 (e + 1) (&0

=1

=&(n - 1,0+ 1)+ r(e+ 1)
Use of (G.4) and (G.7) in (G.6) gives

Emo(n,l) = Eg(n = 1,£+ 1)
~ 0 (n — 1)wlEL (n — 1) = Fygoa ()| () + 57 (e + 1))

= {ar—1)0(n = L,L+1) = Far_1(n)|wf () + "Y€ + 1)2.
(G.8)

Therefore, from (G.8), a first recursion on the least error squares is
EM-1)o(n — L,E+1) = Epro(n, &) + Fyry(n)|@f () for A" 1m0. (G.9)
In order to obtain a relation involving é(M_l)o(n— 1,+1), extend (G.1)tof+1and M -1
EM-1)o(ml +1) = Eg(n, €+ 1) - 05 (n)#FL (n). (G.10)
Using (E.14) and (E.18) to express wf1,(n)
Wil (n) = 831 ()84 (n)

=[ﬂ—1§— (n 1) ﬂ_ggM 1( )8111{4 1("’)

1186551 (n = 1) + upg_y (n)r*(n + €+ 1)]

M- 1(n)
— witl (n _8M—1(")8f{-1(n)0ﬁ}'11(n—1)
M-ln =D Brm-1(n)
n r*(n+£€+1
+ﬂ'1‘1’541_1(n-1)uM_1(n)r*(n+e+1)— “*Bar-1()gn ;L)‘:zgz)l(n) (ntef+1)

(G.11)
Using (E.16) and (E.17) and after some manipulations, (G.11) simplifies to

Wil (n)y=wil (n-1)- ﬂ%{-l_((%[ Bl (n=-1) —r*(n+ £+ 1)]. (G.12)
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Using (E.14) and (G.12) in (G.10) and noting that
Ea(n, L4+ 1) = BEx(n— 1,04+ 1)+ |r(n+ £+ 1)]? (G.13)

gives, after some manipulations,

&(M—l)o(nse + 1) = ﬂé(M_)ol(n - 1,6 + 1)

+05$_11)H8M—1(n)m (G.14)
+r(n+ €+ ”W:(T)W-l(") —yp—a1(n) - 1],

where v is defined as

v= uﬁ_l(n)ﬁﬁ_l(n ~-D=-r*"(n+£+1). (G.15)
Note that ®7(n) is Hermitian symmetric, i.e.

& (n) = &4 (n), (G.16)
which implies that Q;ll(n) is also Hermitian symmetric {7]. This, in turn, implies that
@X{l(n) is positive semi-definite with real eigenvalues. Then

T(n) = 1+ F~ i (n) @31 (n = 1)uyy (n) (G.17)
is real if 3 is real. Therefore, {G.14) simplifies to

Epr—pyo(n. t+1) = ﬂé(M_l)o(n—x,e+1)+[05£,+_‘3H3M_1(n)—r(n+e+1)1ﬁi(7). (G.18)

Using (E.18) and (5.20) in (G.18) gives

v

E(M—l)o(n’e + 1) = ﬂf(M—l)o(n -1+ 1) + v‘m’

(G.19)

i.e.

lud _ (n)WiFL (n - 1) = r*(n+ £+ 1))2
‘7M—1(")

EM-1)o(m € +1) = BE(pr_1yo(n — 1,6+ 1) + ,
(G.20)
which is the second recursion required. It allows the computation of E( M—1)o(n, £+ 1) from
§M-1)o(n — 1,£+ 1), while (G.10) allows the computation of {(p_1)o(n — 1,£+ 1) from
Epmo(n,£). All is required is a relation linking E(M_l)o(n,é +1) to Epro(n, €+ 1).
This relation can be obtained by first computing a relation similar to (G.5) with the
help of (E.2) and (E.23) in
wit(n) = 831 (n)85F (n). (G.21)
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This gives

Sl = $)/_1(n) 0 1 = bpr-1(n)
WM ( )—{[ OT 0]+BM_1(’H,) [1

{41 n
(-b%_y(n) 11} [”M‘l( )}

o1 ()

—bpy_1(n)
1

Wil (n) 1
M-1
[0 ] " By

Noting that (using (E.24))

] [-bE_ ()64 () + 653 ()] (G.22)

_bfl—l(n)oljl}ll(n) = ‘r%—l(")‘l’j_wl—l(" - 1)981&}’11(")

. (G.23)
= _"%{-1(")“’5\;11(")’

equation (G.22) can be written as

Wy = [fvﬁﬂl(n)] L [—bM-l(m

H .
By-a(n) |1 } [_r%l—l(n)wﬁ:;}.l(n) + eﬁ-}-l(n)]

(G.24)
Now, use (E.2) and (G.24) in (G.1) for £+ 1

Ero(n, €+ 1) = Eg(m, £+ 1) — [0 DH () g(EFD* ()

Wit (n) —-bpy-1(n)
{ {OM | ] +'BMi1(n) L | } [‘l'%l-l(")ﬁ'ﬁh(")+9ﬁ?l(n)1}

= &y(n, £+ 1) — 6D (m)ath (n) - — 1641 (n) — B ()il (n)[2 (G.25)
By—1(n)
Using (G.1) in (G.25) gives
. - 1 R
EMo(m €+ 1) = Epr_1)o(ms €+ 1) - BM_I(n)Wﬁ}H(n) =8 (WL ()% (G.26)

This expression can be written in a different form by noting that
041 (n) - H (WL () = (b (m) 1165 (m)

=[=bf_1(m) U B ruy (G4 e+ 1)

1=1

= 38" u(i - M+ 1) = by (mpuy 1 () (i + £+ 1)

1=1
=D B by (it + £+ 1)

1=1

(G.27)
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Define
o D () = Zﬂ"-ibM_l(i)r*(i +e4+1). (G.28)
=1
Then (G.26) is written in the form

I b(£+1)( )Iz

Euo(n, €+ 1) = Epronyo(mi €+ 1) - (G.29)

Byr-1(n)
This last expression is the third necessary error recursion. Collecting (G.9), (G.20) and

(G.29), the recursions for computing £po(n, £ + 1) from £p44(n, £) are

Ep~1)o(m = L, €+ 1) = Epgo(n, €) + Fag_1(n)|@f py(m)?
ol _ ()WL (n~ 1) = r*(n + £+ 1))2

E(M—l)o("”[ +1)= ﬁé(M—l)o(n -1,{+ 1) +

TM-1(n)
, : [oag T (m)?
Emo(n £+ 1) = §ar_1)o(m, €+ 1) - _B—_I(T)_
(G.30)
Using the above expressions in reverse order gives the backward computation of the error;
: I ( n)|?
Em—1)o(m: &) = Epgo(m, ) + 51— By

1 I“f{_l(n)wﬁ{_l(n - 1) -r*(n+ g)|2

A _ a-13 -
E§u-1)o(n = 1,0) = B¢ (ar—1)0(m: ) = B TM-1(n)

Ento(n,€~ 1) = &ar_1)0(n — 1,€) = Fa_1(n)[0i3H(n)|2.

(G.31)

G.2 Recursions for the LS Weight Vector

The recursions for the upward weight vector computation were all derived in the pre-
vious section on error recursions. The recursions for downward computations are obtained

by applying the upward recursions in reverse order.

G.2.1 Recursions for the upward weight vector computation

The first recursion on the weight vector is obtained from (G.5) and can be written as

Wil (n = 1) = |Why(n)] pr—1 + apr—1(n)f pe(n), (G.32)

where |W4;(n)]pr—; is defined as the (M — 1)-vector corresponding to the last M — 1

components of Wi, (n).
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The second and third recursions are given by (G.12) and (G.24) respectively. The set

of recursions is therefore

WhELi(n — 1) = [Wig(n)] m—1 + apg-1(n) @ (n) (G-33)
witli(n) = #ffl(n-1) - %[uﬁ_l(n)&ﬁll(n - =r*(n+L+1))
(G.34)
AN b(¢+1) —bay_ (n)
01 - wM—l(n) V-1 (’n) M-1
Wi (n) [0 + —BM—l(") . . (G.35)

G.2.2 Recursions for the downward weight vector computation

Use the upward recursions in reverse order. The corresponding set of recursions is

why_1(n) = [Wh(n)] pr—1 + bpr_1(n) @y pr(n) (G.36)
-1 0 ”il(l—ll)(") 1

wirl(n) = + == , G.37
U PR iy il B (840

where ]’v‘vﬁl(n)] M—1 is defined as the (M — 1)-vector corresponding to the first components
of \fvﬁl(n), ﬁ’fvf p(n) is the M th component of the same vector and vﬁf__ll) (n) is defined as
-1 2f— H -
ol (n) = 84 () - 2 ()W _y(n - 1)

= 047 (n) - afy_ ()b (n - 1)

=Y By (Drt(i+ £ - 1),

1=1

(G.38)

G.3 Auxiliary recursions

Some auxiliary recursions necessary in the error and vector recursions are developed in
this section.
o Recursion for gy;_,(n)

Use (E.19) and (E.1) in (E.16)

T 1
() = {[3 t3f st * T [ ] s ”]}

~ay_1(n—-1)
[u(n) ]
up-1(n—1)
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_|° 1 1 g
= gm—1(n - 1)] + Fpyoi(n=1) l: —ay_y(n- 1)] [u(n) — ayr_;(n = Dupy 1 (n = 1))
(G.39)

Now use (E.1) and (E.23) in (E.16)

=l (p— —by_1(n-1)
gM(n)={[§M'},(T Y 3]+m[ : }[—bﬁ_l(n—l) 1]}

1
up—1(n)
u(n ~M+1)

gm-1(n) 1 -by_1(n-1)} o
= [0 ]+m ':1 ] [=by_1(n—Dupy_1(n)+u(n-M+1)],
(G.40)
gy—1(n) = [gp(n)ar—1 + gpmm(n)bpr—1(n - 1). (G.41)

Equations (G.39) and (G.41) are the recursions for gy ;(n).
o Recursions for Fys_;(n) and By _;(n)
The recursions for Fas_1(n) and Bys_q(n) are [7]

Fyp_1(n) = BFy_1(n = 1)+ ny—1(n) fyy—1(n) (G.42)
and .
By_1(n) = BBy_1(n = 1) + ¥p—1(n)byy_(n), (G.43)

where 77 _1(n) and ¥pr_1(n) are respectively the forward a priori prediction error and the

backward a priori prediction error defined as

() =1 —afi_i(n - Dlug(n) (G.44)
= u(n) — all_y(n ~ Dugroy(n - 1)
¥u-1(m) = [-bf_j(n=1)  Lup(n) (G.45)

=u(n— M +1)=bfj_i(n ~ Duy_y(n).
o Recursions for the forward and backward predictors
For the forward case, use (E.18) and (E.10) in (E.20)

el (n—
ay-1(n) = [ﬁ‘lqll_l(n_Q)_ﬂ-st—l(n Dgr-1(n 1)}

TM-1(n - 1)
{ﬂr{”_l(n -V +upy_y(n- 1)u‘(n)] .
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Using (E.16), (E.17) and (E.20) and after some manipulations, the recursion for the forward

predictor is

gM—1(n — 1) [u*(n) - ul

aAl—l(n) = aIW—I(n - 1) + ,B7M—1(n _ 1) M—l(n’ - 1)8M_1(n - 1)]’ (G46)

i.e.

gm-1(n—1)
Byym-1(n-1)
The recursion for the backward error is obtained in a similar way and is

ay—1(n) =ay_1(n-1)+ Mm—1(n). (G.47)

baroa(n) = byg—q(n~1) + %’Af&%whq(n) (G.48)

o Recursions for v/(n) and v)7_;(n)
In order to establish recursions for yp7(n) and yp7_;(n), the following identities are

necessary (7]
nm-1(n)

fu-1(n) = PO CR (G.49)
_ Yu-1(n)
bag-a(n) = T2 (G:50)
__¥m-1(n)
gum(n) = Byin-1) (G.51)
Then, using (E.17) and (G.39)
Tm(n) = 1+ 67 gjy_y(n)upg_1(n)
3 a1 () (G:5)
- ‘YM—l(n - 1) + IBFM—l(n — 1)
Also, )
e ()
7M(n)—7M—1( )+ ,BBM_.I(TL) (G53)
= 1m-1(r) + B gmp(n )iy (n)-
o Recursions for v,.{,l(n) and v¥(n)
From (G.38), v,{f(n) is defined as
vg(n) =1 - ag(n)]ﬁem.,.l(n). (G.54)
From (G.47) and (G.49), one obtains
am(n) = ap(n—-1)+ i"ﬂéz—lzf,‘,',(n) (G.55)
Then, using (E.14) and (G.55) in (G.54),
(M) =Bl —afi(n- Dl -+ - af(n - Dump(n)rt(n+ o)

-0 gd(n-1)65,1(n)B87 fm(n).
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Using (E.1) and (E4),
vit(n) = Bof(n - 1)+ [u(n) — af(n — um(n - L)r*(n + £)
- 571gH(n - 185 (n ~ 1) fm(n)

(G.56)
.—_-ﬂ'v (n— 1) + pm(n)r*(n + £)
- B gm(n — D8 (n = 1) fm(n).
Using the definition of gm(n), (see equation (E.16)), (G.56) can be written as
—1$=1(n - 200+ (n —
ofl(n) = Bofl(n — 1) + nm()lr*(n + ¢ - 2m= DR = DO (0 = 1), - )

Brm(n —1)
But using (E.14), the second term in brackets is equal to r*(n + £) — e} (n — 1,£+ 1) and

(G.57) becomes
vii(n) = Buii(n = 1) + nu(n)ely(n = 1,6+ 1). (G.58)

Similarly, the recursion for v}{(n) is found to be
vhi(n) = [-b(n) 1] 41(n) (G.59)
= Bvtl(n = 1) + Ym(n)ep(n, ).

o Recursion for v‘vﬁl(n)

A recursion on ﬁrfw(n) is obtained by starting from (5.20) and proceeding as in the
derivation of (G.12). It is

1)+ gm(n)

whs(n) = wiy(n - PV ON *(n+€) ~ uff (n)Whs(n - 1)]. (G.60)

Now, the a priori estimation error is
apy(n,t) = r(n+£)—€vﬁ,¥(n- Duays(n), (G.61)

and the a posteriori estimation error is

ep(n,€) = r(n + €) = W (n)upr(n). (G.62)
Then (n0)
#he(n) = #hg(n — 1) + B gay(n )"MM’(‘R) . (G.63)
It can be shown that (7] (n.)
_ap(n,
CM(n,f) - 7M(n) ’ (G64)
and therefore
Why(n) = Whe(n - 1) + B2 gay (n)efy(n, ). (G.65)

o Recursion for £y,(n, )

The recursion for the minimum error is [7]

EMO("" f) = BEMO(” -L,6+ a}‘u(n,l)eM(n,E).
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